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Abstract. In this thesis we create a statistical method to estimate the

contamination rate and the true concentration of DNA in a digital poly-

merase chain reaction. We give a brief introduction to percolation theory

and explain the algorithms of the method of moments, the generalized

method of moments and the method of simulated moments (MSM), wich

are statistical methods for parameter estimation. Besides, we de�ne a

mathematical model to apply the MSM for our speci�c setup. We use

MATLAB for the implementation of the model and to receive our MSM

estimators. We test our program on synthetic and real laboratory ex-

periments and evaluate our MSM estimators.

Abstract. In dieser Arbeit erstellen wir eine statistische Methode zur

Schätzung der Kontaminationsrate und der wahren DNA-Konzentration

in einer digitalen Polymerase-Kettenreaktion. Wir geben eine kurze

Einführung in Perkolationstheorie und erklären die Algorithmen für die

method of moments, die generalized method of moments und die method

of simulated moments (MSM), welche statistische Methoden zur Param-

eterschätzung sind. Des Weiteren de�nieren wir ein mathematisches

Modell, um die MSM an unsere Bedürfnisse anzupassen. Wir benutzen

MATLAB für die Implementierung des Modells und um unsere MSM

Schätzer zu erhalten. Wir testen unser Programm an synthetischen und

echten Laborexperimenten und bewerten unsere MSM Schätzer.
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CHAPTER 1

Introduction

1. Motivation and biochemical background

The aim of this thesis is to create a statistical, analytical method for the

estimation of the contamination rate and the true concentration of DNA in

a digital polymerase chain reaction (digital PCR).

A PCR is a common technique used in genetic laboratories to generate mil-

lions of copies of a DNA sequence. For this to happen, an enzyme called

DNA-Polymerase is needed. The PCR is a chain reaction in the sense that

the result of one cycle is directly used for the next cycle, leading to ex-

ponential growth. There are many areas of application of PCR, including

identi�cation of genetic disorders and viral diseases, DNA �ngerprinting,

parental testing and even forensics.

Currently the most accurate method to quantify individual DNA sequences

is the digital PCR: diluted DNA is distributed over thousands of separated

cavities so that most cavities receive either zero or one DNA molecule (digi-

tal). During the PCR, the DNA molecules get replicated (ampli�ed) in each

cavity. By counting the cavities with ampli�cation, one could theoretically

measure the intial concentration of DNA. However, there is a problem with

this determination of DNA concentration: During the PCR, it can happen

that some cavities are not insulated perfectly. In this case, their content

could contaminate neighboring cavities. This means that even if some cavi-

ties did not receive a DNA molecule initially, they might have a content after

the PCR caused by contamination.

Based on the method of simulated moments (MSM, Section 3.3), we will cal-

culate estimators for the contamination rate in a digital PCR and the true

concentration of DNA.

This thesis is organized as follows:

In Section 1.2, we describe the experimental setup for the digital PCR and

explain the problem of contamination that arises during the laboratory ex-

periments. Chapter 2 gives a short introduction to percolation theory. In

Chapter 3 we describe the method of moments and the generalized method

1



2. EXPERIMENTAL SETUP AND CONTAMINATION PROBLEM 2

of moments. Based on those two estimation methods, we introduce the

method of simulated moments, which we use to estimate the DNA concen-

trations and the contamination rate. Furthermore, some asymptotic proper-

ties of the MSM are stated and proven. A mathematical model to apply the

method of simulated moments to our experimental setup and contamination

problem is de�ned in Chapter 4. Chapter 5 is a brief description of how we

implement our model in MATLAB to receive our MSM estimators. It also

gives instructions on how to work with our MATLAB program as a user.

In Chapter 6, we test our program on synthetic and laboratory experiments

and evaluate our estimators. A summary and some suggestions for possible

improvement are stated in Chapter 7.

2. Experimental setup and contamination problem

In this section we brie�y describe the laboratory experiments conducted by

the group of Dr. Günter Roth (Center for Biological Systems Analysis, Uni-

versity of Freiburg) that form the basis for our estimations and we state the

contamination problem.

[Hof+12a] provides a setup and protocol for ampli�cation of DNA molecules

with a starting concentration of ≤ 1 molecule (digital PCR). Via a technique

explained in [Hof+12b] it is possible to graft PCR primers onto various lab-

on-a-chip substrates like glass or PDMS. Combining those two protocols, we

will focus on the following experimental setup:

A picowell array consists of multiple thousands of wells arranged according

to hexagonal tiling. Three di�erent DNA samples (DNA1, DNA2, DNA3)

are given into a picowell array, diluted so that most wells will receive either

zero or one DNA molecule, i.e. we have a binary state (typically called digital

state). In the next step, the DNA samples are ampli�ed with a PCR and

grafted onto a (e.g. glass) slide. By using three di�erent �uorescent probes

and scanning the slides with each probe, we can create an image of the wells

where each well has a distinct color (Figure 1):
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black well is empty

red well contains DNA1

green well contains DNA2

blue well contains DNA3

yellow well contains DNA1 and DNA2

magenta well contains DNA1 and DNA3

cyan well contains DNA2 and DNA3

white well contains DNA1, DNA2 and DNA3

As stated in Section 1, one main goal is to �nd the true DNA concentrations.

However, a problem appears if we want to determine these concentrations

by counting the colored wells: Some wells are not insulated perfectly and

during the experiment, their content can contaminate neighboring wells. In

the pictures we get from the experiments, it is not known if e.g. two neigh-

boring wells with the same color were seeded with the same DNA samples

or if one of them was initially empty and later contaminated by the other

well (Figure 1).

According to Dr. Roth, no literature exists that deals with the estimation

of contamination rates.

By implementing the method of simulated moments (Section 3.3) in MAT-

LAB, we �nd estimators λ̂1, λ̂2, λ̂3 for the three true DNA concentrations

as well as an estimator µ̂ for the probability of contamination between two

neighboring wells. The MSM is applied to images we get from the laboratory

experiments and to synthetic experiments with known true values to test the

accuracy of the estimators.

To get a better understanding of the contamination model, we will have a

short introduction to percolation theory in Chapter 2.
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(a) Almost no clusters observable, meaning

there is little sign of contamination.

(b) Many clusters of e.g. green and blue

wells. It is very likely that clusters occured

due to contamination.

Figure 1

Two pictures of digital copied DNA: three di�erent DNA-sequences (red, green,

blue) copied onto a slide. Wells with mixed colors arise from overlapping

DNA-sequences.



CHAPTER 2

Percolation Theory

This chapter is based on [Gri99, Chapter 1].

1. Introduction to Percolation

In 1957, Broadbent and Hammersley presented the �rst 'percolation model',

which was intended to investigate questions of the following type:

We immerse a porous stone into water. What is the probability that the

centre of the stone is wetted?

Let us consider their model in two dimensions:

Let Z2 be the plane square lattice and µ ∈ R with 0 ≤ µ ≤ 1. We investigate

all the edges of neighboring vertices in Z2. Each edge is to be open with

probability µ and closed with probability 1 − µ, independently of all other

edges. Applying the model to the above example, the passageways inside

the stone are represented by the edges in Z2 and a passageway is broad

enough for water to �ow through if an edge is open. Thus µ is the expected

proportion of passageways that allow water to pass. The stone itself can be

seen as a large, �nite subsection of Z2. Let i ∈ I be a vertex inside the stone.
i is wetted if and only if there exists a connection of open edges (called open

path) that connects i to a vertex on the boundary of the stone.

One main objective of percolation theory is to investigate the existence and

size of 'open paths'.

Figure 2 shows a visualization of the stone model where the closed edges are

deleted, i.e. we have a random subgraph of Z2.

For large stone sizes, the probability that the centre i of the stone is wetted

behaves similarly to the probability of the existence of an in�nite open path

in Z2, which i is part of. This means that the large-scale penetration of a

stone by water is connected to the existence of paths consisting of in�nitely

many open edges.

Of course, the occurrence of such in�nite open clusters depends on the value

of µ. For small µ, the di�erent clusters are rather small and isolated. The

sizes of the di�erent clusters increase with the value of µ and for µ large

enough every vertex is connected to any other vertex by a series of open

5
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Figure 2

Possible structure of a two-dimensional porous stone where closed edges were

deleted. The open edges are represented by the lines, the vertices by the spots.

In this case, vertex x is connected to the outside of the stone by open edges.

Therefore x would be wetted whereas vertex y remains dry.

Image source: [Gri99, p. 2].

edges. Figure 3 shows three triangular lattices with µ = 0.05, µ = 0.2 and

µ = 0.5.

If one could see the whole lattice of Z2, we would be able to observe that

for small µ all clusters remain �nite whereas for large values of µ an in�nite

cluster of open edges appears. One goal of percolation theory is the search

for a critical value µc for the edge-density, so that: for µ < µc all clusters are

�nite but for µ > µc an in�nite open cluster will occur, holds almost surely.

To demonstrate the importance of the critical value µc, we will have a look at

the Epidemics and �res in orchards-model proposed in [FH63], which deals

with the spread of blight in a large orchard.

Consider a square lattice and imagine that on each vertex a tree is grown.

Let µ be a known function of the distance between neighboring trees, rep-

resenting the probability of a healthy tree being infected by a neighboring

blighted tree. The aim is to prevent a single blighted tree from endangering

a large proportion of the whole orchard. This is possible by adjusting the

space between the planted trees so that µ is smaller than the critical value µc.

In the above model we concentrated on two-dimensional problems. To be

more general, one could consider some periodic lattice in d ≥ 1 dimensions
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(a) µ = 0.05

(b) µ = 0.2

(c) µ = 0.5

Figure 3

Three visualizations of bond percolations on a 20× 23 triangular lattice with

di�erent µ values (created with MATLAB). Since the same sequence of

pseudorandom numbers was used to create each percolation, (a) is a subgraph of

(b) and (b) is a subgraph of (c). Whereas for µ = 0.05 only a few small open

clusters occur, we can observe that for µ = 0.5 almost all vertices are connected

by a series of open edges.
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and the probability µ for any edge to be open (and closed otherwise) with

0 ≤ µ ≤ 1. This process is called bond percolation since µ determines the

probability for a random edge to be open. For our estimations and the ex-

periments described in Chapter 1 the two-dimensional bond percolation is

the relevant part of percolation theory. We will focus on bond percolation

in Section 2 of this chapter.

Another percolation model is the so called site percolation. Here, one focuses

on the vertices rather than the edges in the lattice (all edges are assumed to

be open). A random vertex is open with probability µ and closed otherwise.

In the stone example above, we could imagine the closed vertices as junctions

that prevent water from passing.

Every bond model can be reformulated as a site model on a di�erent lattice.

Since this does not hold the other way around, site percolation is more gen-

eral than bond percolation.

Of course there are more models to think of, such as those where both

edges and vertices may be closed ('mixed models') or those where di�erent

probabilities apply for di�erent edges to be open ('inhomogeneous models').

However, we do not use those models for our estimations which is why we

only mention them here.

Since it is the most signi�cant model for us, we will now focus on bond

percolation.

2. Bond Percolation

In this section we will give a short introduction to bond percolation and

state some mathematical de�nitions using basic graph theory. Let d ≥ 1

be the dimension of the process and Z = {. . . ,−1, 0, 1, . . . } the set of all

integers. Let Zd denote the set of all vectors i = (i1, i2, . . . , id) with integer

coordinates. is is the s-th coordinate of i ∈ Zd.
For the distance δ(i, j) from vertex i to vertex j, we de�ne

δ(i, j) =

d∑
s=1

|is − js|.

For i ∈ Zd and j ∈ Zd we can add edges between all pairs (i, j) with

δ(i, j) = 1. This way, we can turn Zd into a graph (d-dimensional cubic

lattice) which we denote by Ld. We write Ld = (Zd,Ed) , where Zd is the

set of vertices and Ed is the set of edges of Zd. It is reasonable to think of

Ld as a graph in Rd, where the end vertices are connected by straight line

segments, the edges.
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De�nition 2.1 (Adjacent/neighboring vertices)

If two vertices i and j are connected by an edge, i.e. if δ(i, j) = 1, we call

i and j adjacent/neighboring and write i ∼ j. The corresponding edge is

denoted by ξij . If the vertex i is an end vertex of the edge ξij , ξij is called

incident to i.

We now consider the probability µ that we already mentioned in Section 1

of this chapter. Let µ ∈ R with 0 ≤ µ ≤ 1. Each edge is to be open with

probability µ and closed with probability 1 − µ, independently of all other

edges.

De�nition 2.2 (Path)

An alternating sequence i0, ξi0i1 , i1, ξi1i2 , . . . , ξin−1in , in of distinct vertices is

and edges ξisis+1 is called a path of Ld. The path is said to connect i0 to in.

The length of such path is n.

De�nition 2.3 (Circuit)

An alternating sequence i0, ξi0i1 , i1, ξi1i2 , . . . , ξin−1in , in, ξini0 , i0 such that

i0, ξi0i1 , i1, ξi1i2 , . . . , ξin−1in , in is a path is called a circuit. The length of

such a circuit is n+ 1.

A path or circuit with all edges open/closed is called open/closed path or

open/closed circuit. In Figures 2 and 3, only open paths/circuits are visible.

One important aspect in bond percolation are the components of open paths

or circuits, called open clusters.

De�nition 2.4 (Open cluster)

The connected components in a random subgraph of Ld that contains only
Zd and the open edges, are called open clusters. C(i) denotes the open cluster

containing the vertex i and is called the open cluster at i. The vertices in

C(i) are all the vertices of the open cluster that are connected to i by a series

of open edges. The set of edges in C(i) consists of all open edges in Ld that
connect neighboring vertices in the open cluster.
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Even though C(i) contains both vertices and edges, we will use the term to

represent the set of vertices only (see Section 5.2).

Although it is not the most e�cient method for our MATLAB algorithm

in Section 5.2, the following setting can be helpful to create bond model

percolation processes:

Let (U(ξ) : ξ ∈ Ed) be a family of independent random variables such that

each U(ξ) is uniformly distributed on [0, 1].

For 0 ≤ µ ≤ 1, de�ne ηµ by

ηµ(ξ) =

1 if U(ξ) < µ,

0 if U(ξ) ≥ µ.

The edge ξ is said to be µ-open if ηµ(ξ) = 1. It holds

P
(
ηµ(ξ) = 0

)
= 1− µ, P

(
ηµ(ξ) = 1

)
= µ.

ηµ can be interpreted as the random outcome of the bond percolation process

on Ld with µ being the probability for an edge to be open.

Obviously ηµ1 ≤ ηµ2 for µ1 ≤ µ2 (and U(ξ) �xed), which means that the

open edges of the percolation process with edge-probability µ1 are a subset

of the open edges of the percolation process with µ2 (which you can observe

in Figure 3). In other words, if we let µ run increasingly over the interval

[0, 1], ηµ will represent di�erent typical con�gurations of percolation pro-

cesses with all possible edge-probabilities.

In practice, percolation is one of the simplest models for a disordered medium.

It is easy to formulate and yet delivers good qualitative predictions for ran-

dom media.

We already mentioned that one important aspect in percolation theory is

the existence of in�nite open clusters that appear almost surely for µ > µc.

However, there are many other interesting questions that percolation theory

examines:

• What is the mean size of an open cluster?

• How many in�nite open clusters will exist almost surely for µ > µc?

• Is there an in�nite open cluster for µ = µc?



CHAPTER 3

The Method of Simulated Moments

To get a good understanding of what the method of simulated moments is

and how it works, we will �rst give a short introduction to the method of

moments and the generalized method of moments.

1. Method of Moments

The method of moments is one of the oldest methods to estimate the un-

known components of a parameter vector θ = (θ1, θ2, . . . , θnm)T .

Let Y be a random variable and let Y1, . . . ,YnI be i.i.d. sampling variables

with the distribution of Y. The method of moments is based on the com-

parison of the theoretical moments and the empirical moments.

For each r = 1, . . . , nm, the r-th (theoretical) moment of the random variable

Y is denoted by

Mr = Eθ[Yr].

The r-th empirical moment for each r ∈ {1, . . . , nm} is de�ned as

mr =
1

nI

nI∑
i=1

Yri .

By equating the theoretical with the empirical moments we get a system of

equations

M1 = m1,

M2 = m2,

· · ·

Mnm = mnm .

The solutions (θ̂1, . . . , θ̂nm)T = θ̂ of this system are the moment estimators

for θ.

11
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Example 3.1 (Normal distribution)

Let Y ∼ N(µ, σ2), with unknown mean µ ∈ R and variance σ2 > 0, i.e. we

have θ = (µ, σ2)T and nm = 2.

For the normal distribution we have

M1 = E[Y] = µ

and

σ2 = V [Y] = E[Y2]− E[Y]2

= M2 −M2
1

⇔M2 = σ2 +M2
1 .

Now we equate the theoretical with the empirical moments to get

M1 = m1 ⇒ µ =
1

nI

nI∑
i=1

Yi

M2 = m2 ⇒ σ2 + µ2 =
1

nI

nI∑
i=1

Y2
i .

Solving this system of equations yields the moment estimators

µ̂ =
1

nI

nI∑
i=1

Yi = Ȳ

and

σ̂2 =
1

nI

nI∑
i=1

(Yi − Ȳ)2.

The method of moments is a very basic and simple estimation method for

which the number of unknown parameters equals the number of calculated

moments. However, the estimators are often biased. Another disadvantage

of the method of moments is that sometimes the moment estimators do not

exist, e.g. for a Cauchy-distributed variable Y it holds E[Y] = ∞ which

means the �rst theoretical moment does not exist [GB06, pp.107-112].

2. Generalized Method of Moments

As the name suggests, the generalized method of moments (GMM) is a gen-

eralized version of the method of moments. It allows us to �nd an estimator

by de�ning so called moment conditions, i.e. functions that depend on the

model parameters and the given data. The main purpose is to estimate the

parameter vector by minimizing the sum of squares of the di�erences be-

tween the theoretical moments and the emiprical moments.
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Note that in Section 1 of this chapter, we saw that when using the method

of moments, we need to have the same number of moments as unknown

parameters. The GMM can deal with cases where we have more moment

conditions than parameters (i.e. the system of equations is overidenti�ed)

by introducing a weight matrix Ω.

The methods and proofs described in the remainder of this chapter are in-

spired by [GM97, Chapters 1 and 2] and [GM90, Properties 1 and 8].

Let K(Yi) be an nm-dimensional function of i.i.d observable variables Yi
with i = 1, . . . , nI and let us assume that its expectation under the nc-

dimensional parameter vector θ is

k(θ) = Eθ[K(Yi)],

i.e. the entries of k are the generalized moments of the distribution of Yi.
Eθ denotes the expectation under the true distribution of Y with parameter

θ and θ0 is the true parameter value.

We introduce some multidimensional function g (the distances between the

observed moments and the moments of the model with given parameter

values) representing estimating constraints:

(3.1) g(Yi, θ) = K(Yi)− k(θ)

with

(3.2) Eθ[g(Yi, θ)] = 0⇐⇒ θ = θ0.

De�nition 3.1

Let Ω be a (nm, nm) symmetric positive semi-de�nite matrix. The GMM

estimator θ̂(Ω) is then de�ned as

(3.3) θ̂(Ω) = argmin
θ

(
nI∑
i=1

g(Yi, θ)

)T
Ω

(
nI∑
i=1

g(Yi, θ)

)
.
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Proposition 3.1

Under some regularity conditions (see [Han82]), θ̂(Ω)

i) is a consistent estimator of θ0.

ii) is asymptotically normal.

The generalized method of moments requires that the moment conditions

used have an analytical expression. When an analytical form is not available,

it is possible to approximate the moments based on simulations.

3. Method of Simulated Moments

The method of simulated moments (MSM) is a simulation based estimation

method that can be applied when the moments needed for the GMM do not

have an explicit form.

Recalling equation(3.1) and keeping the notations of Section 2 of this chapter,

the MSM can be used to approximate k and g by unbiased estimators k̃ and

g̃.

De�nition 3.2

Let k̃(U si , θ) with i ∈ I (and nI := |I|) be an unbiased simulator of k(θ),

where U si has a known distribution and s ∈ {1, . . . , ns} are the di�erent, in-
dependent simulations/copies. Similar to equation (3.3), the MSM estimator

θ̂nIns(Ω) is de�ned as

θ̂nIns(Ω) =argmin
θ

{
nI∑
i=1

[
K(Yi)−

1

ns

ns∑
s=1

k̃(U si , θ)

]}T
Ω

×

{
nI∑
i=1

[
K(Yi)−

1

ns

ns∑
s=1

k̃(U si , θ)

]}
=:argmin

θ
Ψs(θ).

(3.4)

Note that in order to �nd the MSM estimator, it is important to use the

same U s = (U si )i∈I,s∈{1,...ns} for di�erent values of θ.

The estimator depends on the moments K, the weight matrix Ω, the choice

of the simulator k̃ and the number ns of independent simulations.

It holds 1
ns

ns∑
s=1

k̃(U s, θ) −→ EU [k̃(U s, θ)] = k(θ) for ns → ∞, where EU is

the conditional expectation with respect to the distribution of U s given Y.
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Before we apply the MSM to the laboratory experiments described in Sec-

tion 1.2, we will state and prove two asymptotic properties of the MSM (see

[GM97, p.29]).

Proposition 3.2

Let θ ∈ Θ be an nc-dimensional vector where Θ is compact. If the number

of observable variables nI tends to in�nity and the number of simulations ns

is �xed, then:

i) the MSM estimator θ̂nIns(Ω) is strongly consistent,

i.e. θ̂nIns(Ω)→ θ0 almost surely for nI →∞.

ii) if g and g̃ = K − k̃ are di�erentiable with respect to θ:
√
nI

[
θ̂nIns(Ω)− θ0

]
d−→

nI→∞
N [0, Qs(Ω)], where

Qs(Ω) = Σ−1
1 Σ2Σ−1

1 +
1

ns
Σ−1

1 DTΩEθ0 [VU [g̃(Y, U s, θ0)]] ΩDΣ−1
1

with:

D = Eθ0

[
∂g

∂θ

]
,

Σ1 = DTΩD,

Σ2 = DTΩVθ0 [K − k]ΩD = DTΩVθ0 [g]ΩD.

proof of i). Let Ω ∈ Rnm×nm be symmetric and positive semi-de�nite.

De�ne

β(Yi, %) = K(Yi)− %

α(η) = ηTΩη

and recall Ψs(θ) from (3.4) and three properties that we already mentioned:

• k(θ) = Eθ[K(Yi)]
• EU [k̃(U si , θ)] = k(θ)

• Eθ[K(Yi)− k(θ)] = 0⇐⇒ θ = θ0.

By the strong law of large numbers, we get the almost sure convergence(
1

nI

)2

Ψs(θ) =α

(
1

nI

nI∑
i=1

β

(
Yi,

1

ns

ns∑
i=1

k̃(U si , θ)

))
−→
nI→∞

α
(
Eθ0

[
EU

[
β
(
Yi, k̃(U si , θ)

)]])
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which we assume to be a uniform convergence. β is by de�nition linear in

the second variable, so

α
(
Eθ0

[
EU [β

(
Yi, k̃(U si , θ)

)
]
])

= α
(
Eθ0

[
β
(
Yi, EU [k̃(U si , θ)]

)])
,

which proves the strong consistency since(
1

nI

)2

Ψs(θ) −→
n→∞

α
(
Eθ0

[
β
(
Yi, EU [k̃(U si , θ)]

)])
=α

(
Eθ0

[
K(Yi)− EU [k̃(U si , θ)]

])
=α

(
Eθ0 [K(Yi)]− EU [k̃(U si , θ)]

)
= (k(θ0)− k(θ))T Ω (k(θ0)− k(θ)) ,

and θ = θ0 is the unique minimum (see equation (3.2)). �

proof of ii). The MMS estimator θ̂nIns(Ω) = (θ̂nIns
1 , . . . , θ̂nIns

nc
)T is

the minimizer of Ψs(θ) in equation (3.4).

Let g̃(Yi, U si , θ) = K(Yi)− k̃(U si , θ). For r = 1, . . . , nc, the �rst order condi-

tions of the minimization are:

0 =
1

nI
√
nI

nI∑
i=1

1

ns

ns∑
s=1

∂g̃T

∂θr
(Yi, U si , θ̂nIns)Ω

×
nI∑
i=1

1

ns

ns∑
s=1

g̃(Yi, U si , θ̂nIns), r = 1, . . . , nc,

where we already multiplied with 1
2nI
√
nI

so that we will have a good setting

for applying the central limit theorem later.
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Taking Taylor approximations for each r around θ0 yields

0 =
1

nI

nI∑
i=1

1

ns

ns∑
s=1

∂g̃T

∂θr
(Yi, U si , θ0)Ω

× 1
√
nI

nI∑
i=1

1

ns

ns∑
s=1

g̃(Yi, U si , θ0)

+
1

nI

nI∑
i=1

1

ns

ns∑
s=1

∂g̃T

∂θr
(Yi, U si , θ0)Ω

× 1

nI

nI∑
i=1

1

ns

ns∑
s=1

∂g̃

∂θ
(Yi, U si , θ0)

√
nI(θ̂

nIns − θ0)

+
√
nI(θ̂

nIns − θ0)T
1

nI

nI∑
i=1

1

ns

ns∑
s=1

∂2g̃T

∂θr∂θ
(Yi, U si , θ0)Ω

× 1

nI

nI∑
i=1

1

ns

ns∑
s=1

g̃(Yi, U si , θ0)

+ higher order terms

(3.5)

for r ∈ {1, . . . , nc}.
With Eθ0 [K(Yi)] = EU [k̃(U si , θ0)] we can derive that the last term converges

to zero because

1

nI

nI∑
i=1

1

ns

ns∑
s=1

g̃(Yi, U si , θ0) =
1

nI

nI∑
i=1

1

ns

ns∑
s=1

(
K(Yi)− k̃(U si , θ)

)
nI→∞−→ 0.

For r = 1, . . . , nc we can combine the remaining terms of (3.5) to an nc-

dimensional approximation

0 ≈ 1

nI

nI∑
i=1

1

ns

ns∑
s=1

∂g̃T

∂θ
(Yi, U si , θ0)Ω

× 1
√
nI

nI∑
i=1

1

ns

ns∑
s=1

g̃(Yi, U si , θ0)

+
1

nI

nI∑
i=1

1

ns

ns∑
s=1

∂g̃T

∂θ
(Yi, U si , θ0)Ω

× 1

nI

nI∑
i=1

1

ns

ns∑
s=1

∂g̃

∂θ
(Yi, U si , θ0)

√
nI(θ̂

nIns − θ0).

(3.6)
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Now we de�ne D with

D = lim
nI→∞

{
1

nI

nI∑
i=1

1

ns

ns∑
s=1

∂g̃

∂θ
(Yi, U si , θ0)

}

=Eθ0

[
EU

[
−∂k̃
∂θ

(U si , θ0)

]]

=Eθ0

[
∂g

∂θ
(Yi, U si , θ0)

]
, since

∂K(Yi)
∂θ

= 0.

Equation (3.6) turns into

(3.7) 0 ≈ DTΩ
1
√
nI

nI∑
i=1

1

ns

ns∑
s=1

g̃(Yi, U si , θ0) +DTΩD
√
nI(θ̂

nIns − θ0).

Using the central limit theorem for nI →∞, we have

(3.8)
1
√
nI

nI∑
i=1

1

ns

ns∑
s=1

g̃(Yi, U si , θ0)
d−→ N(0,Σg),

where

Σg =V

[
1

ns

ns∑
s=1

g̃(Y, U s, θ0)

]

=Vθ0

[
EU

[
1

ns

ns∑
s=1

g̃(Y, U s, θ0)

]]
+ Eθ0

[
VU

[
1

ns

ns∑
s=1

g̃(Y, U s, θ0)

]]

=Vθ0 [g(Y, θ0)] +
1

ns
Eθ0 [VU [g̃(Y, U s, θ0)]] .

Note that we apply the law of total variance for the second equality.

Using (3.8) and transforming (3.7) into

√
nI(θ̂

nIns − θ0) ≈ −(DTΩD)−1DTΩ
1
√
nI

nI∑
i=1

1

ns

ns∑
s=1

g̃(Yi, U si , θ0)

we get that
√
nI(θ̂

nIns−θ0) converges in distribution to N(0, Qs(Ω)), where:

Qs(Ω) =(DTΩD)−1DTΩΣgΩD(DTΩD)−1

=(DTΩD)−1DTΩ

(
Vθ0 [g(Y, θ0)] +

1

ns
Eθ0 [VU [g̃(Y, U s, θ0)]]

)
× ΩD(DTΩD)−1

=Σ−1
1 Σ2Σ−1

1 +
1

ns
Σ−1

1 DTΩEθ0 [VU [g̃(Y, U s, θ0)]] ΩDΣ−1
1
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with:

D = Eθ0

[
∂g

∂θ

]
,

Σ1 = DTΩD,

Σ2 = DTΩVθ0 [g]ΩD.

�

The �rst term Σ−1
1 Σ2Σ−1

1 is the asymptotic covariance matrix of the GMM

estimator and the second term is the loss of e�ciency we have due to our

simulations. For ns →∞, the MSM and the GMM estimator are equivalent.

Further information about Ω and its optimal choice can be found in [GM97,

pp.31-33].

The asymptotic normality of the MSM estimator is an important property

which can e.g. be used to de�ne con�dence intervals for θ0. However, as we

will see in the next chapter, the asymptotic normality will not hold in our

case. This is caused by the choice of our moments: they are not di�erentiable

with respect to θ since our variables for the DNA seeding and the edges only

take the values 0 and 1.



CHAPTER 4

Applying the MSM

In this chapter we de�ne a mathematical model to apply the MSM to the

experimental setup and contamination problem described in Section 1.2.

Let us recall the problem: We have a hexagonal tiling whith nI cavities/wells.

For each well we can observe if it contains DNA (up to three di�erent DNA

samples) or if the well is empty. However, once two neighboring wells are

�lled with the same DNA sample(s), we do not know whether DNA was

actually seeded into those wells or whether one well was initially empty and

got contaminated by its neighbor during the PCR (see Figure 4).

There are di�erent model options to consider:

Contamination between wells can be either (i) unidirectional (i.e. the edges

are directed and we have independent ξi→j and ξj→i instead of ξij as seen

in Section 2.2) or (ii) symmetric (i.e. undirected edges ξij). The edges

can be represented by (1) independent Bernoulli variables (see Section 2.2,

Figure 4

Outcome of a laboratory experiment. For some wells we do not know if they got

contaminated by neighboring wells. E.g. the blue cluster at the bottom left could

be caused by contamination.

20
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(a) The (usually unknown) state before con-

tamination. The white lines represent open

edges (i.e. where contamination will ap-

pear).

(b) The state after contamination. We can

observe that some colors get mixed, e.g.

green and blue become cyan (top left) and

green and red become yellow (top center).

Figure 5

Synthetic MATLAB experiment for model (ii,1,B) before and after

contamination. The open edges and the state before contamination are usually

unknown.

de�nition of ηµ(ξ)) or by (2) locally correlated random variables. The con-

tamination between wells could be (A) limited to direct neighbors or we can

allow it to (B) spread via a series of open edges.

For our study, we choose the model (ii,1,B) with symmetric contamination

that can pass a series of open edges and we let those edges be independent

Bernoulli variables. Since the main source for contamination is imperfect

sealing by the glass cover this seems to be a reasonable choice (another in-

teresting combination would be (ii,2,B)).

Figure 5, which was created by the MATLAB algorithm for simulations

that will be described in Section 5.2, helps to understand the contamination

problem for the (ii,1,B) model. It shows a synthetic experiment before and

after contamination. Open edges are represented by the white lines. Recall

that the color for DNA1 is red, DNA2 is green, DNA3 is blue and mixed

colors can occur. In Figure 5(a) only the wells that were initially seeded

with DNA are colored. In this case, we could easily calculate the true DNA

concentrations by counting the di�erent colors and dividing by the total

number of wells. In the real laboratory experiments, Figure 5(a) is unknown

and we only see Figure 5(b) (obviously without the white lines). Our goal is

to �nd the best possible estimators for the true concentrations of DNA and

for the contamination rate (i.e. the probability that a random edge is open).
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The reason why we simulate the moments and apply the MSM is the follow-

ing: Whether a random well contains a color or remains empty depends on

the DNA seeding process as well as on the contamination. Since the con-

tamination in our model is not restricted to direct neighbors, the expected

color for each well depends not only on the initial color in the well itself and

the neighboring wells but it also depends on neighbors of neighbors and so

on (theoretically it depends on all the wells in the grid, even if this usually

includes negligible terms). This makes it too complicated to calculate mo-

ments (e.g. the expected value for red color of well i ∈ I) and we will try to

circumvent this problem using simulations of the moments.

Mathematical model for the experiment and simulations

Let the wells in the hexagonal tiling be denoted by i ∈ I (with nI = |I|).
We have three di�erent DNA samples whose seeding parameters are λ`,

` ∈ {1, 2, 3} and the parameter of percolation/contamination is µ. Using

this setting, the unknown parameter in the MSM is θ0 = (λ1
0, λ

2
0, λ

3
0, µ0)T .

Let us de�ne some variables for the dataset from the laboratory experiment:

The (unknown) state after DNA seeding and before contamination (i.e. if

well i contains red, green or blue color before contamination, compare Fig-

ure 5(a)) is de�ned as X `i (i ∈ I, ` ∈ {1, 2, 3}) and we say X `i = 1 if DNA

sample ` was seeded into well i and 0 otherwise. Likewise, the state after

contamination (see Figure 5(b)) is Y`i , where Yi = (Y`i )`∈{1,2,3} (i ∈ I). Due

to simplicity reasons we assume that for �xed `, the Y`i are identically dis-

tributed, i.e. we ignore boundary e�ects. Obviously we have X `i ≤ Y`i .
Now we de�ne the variables for the simulations:

For simulation s ∈ {1, 2, . . . , ns}, well i ∈ I and DNA sample ` ∈ {1, 2, 3}
we de�ne accordingly: Let X`,s

i be the state before and Y `,s
i the state af-

ter contamination. Moreover we de�ne Y s
i = (Y `,s

i )`∈{1,2,3} (i ∈ I, s ∈
{1, 2, . . . , ns}) and Yi = (Y `,s

i )`∈{1,2,3},s∈{1,...,ns} (i ∈ I). Let the edge be-

tween wells i and j be denoted by ξsij and I2 = {(i, j) ∈ I × I | i ∼ j, i < j}
is the set of pairs of adjacent/neighboring wells. nn = |I2| is the total num-

ber of such pairs.

Applying the method of simulated moments

Let K be some nm dimensional function of individual observations Y`i and

let k be its expectation under parameter θ: k(θ) = Eθ[K(Yi)], so that the

entries of k are generalised moments of the distribution of Yi. Let g rep-

resent the distances between observed moments and moments of the model
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with given parameter values (which we will approximate via simulations):

g(Yi, θ) = K(Yi)− k(θ).

As it follows from equation (3.2), Eθ0 [g(Yi, θ0)] = 0.

We try to approximate k and g by unbiased (and as we will see in Section 5.2,

also biased) estimators k̃ and g̃(Yi, U si , θ) = K(Yi)− k̃(U si , θ). U
s represents

the source of randomness for our simulations. In Section 5.2 we will introduce

two di�erent options for U si (uniform random variables on [0, 1] and uniform

random permutations).

To apply the MSM, we need at least 4 generalized moment conditions since

θ is 4-dimensional. We choose the following 9 generalized moments for our

estimations with i ∼ j and `1 6= `2:

• E[Y `
i ] = P (Y `

i = 1), the probability that a random well is colored

with red (` = 1), green (` = 2) or blue (` = 3).

• E[Y `1
i Y `2

i ] = P (Y `1
i Y `2

i = 1), the probability that a random well is

labeled with two colors ((red,green),(red,blue),(green,blue)).

• E[Y `
i Y

`
j ] = P (Y `

i Y
`
j = 1), the probability that two random neigh-

boring wells both are red, green or blue.

Recall that Y `,s
i = 1 if well i of simulation s is labeled with the correspond-

ing color of DNA sample ` and Y `,s
i = 0 otherwise. We simulate the above

moments with

1

ns

ns∑
s=1

1

nI

nI∑
i=1

Y `,s
i ,

1

ns

ns∑
s=1

1

nI

nI∑
i=1

Y `1,s
i Y `2,s

i ,

1

ns

ns∑
s=1

1

nn

∑
(i,j)∈I2

Y `,s
i Y `,s

j ,

for ` ∈ {1, 2, 3}. The �rst simulator sums up all the wells that contain

DNA `. This is done for each simulation, i.e. ns times. The result is

divided by the total number of wells in each simulation and by the number

of simulations. The other two simulators work the same way, except that for

the third simulator, we have to substitute the number of wells by the number

of possible edges since these moments focus on the number of neighbors.
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For the ease of notation, we de�ne:

Ȳ` :=
1

nI

nI∑
i=1

Y`i ,

Ȳ(`1,`2) :=
1

nI

nI∑
i=1

Y`1i Y
`2
i ,

Z̄` :=
1

nn

∑
(i,j)∈I2

Y`iY`j

and

Ȳ `,s :=
1

nI

nI∑
i=1

Y `,s
i , Ȳ ` :=

1

ns

ns∑
s=1

Ȳ `,s,

Ȳ (`1,`2),s :=
1

nI

nI∑
i=1

Y `1,s
i Y `2,s

i , Ȳ (`1,`2) :=
1

ns

ns∑
s=1

Ȳ (`1,`2),s,

Z̄`,s :=
1

nn

∑
(i,j)∈I2

Y `,s
i Y `,s

j , Z̄` :=
1

ns

ns∑
s=1

Z̄`,s.

We recall equation (3.4) for the MSM estimator:

θ̂nIns(Ω) =argmin
θ

{
nI∑
i=1

[
K(Yi)−

1

ns

ns∑
s=1

k̃(U si , θ)

]}T
Ω

×

{
nI∑
i=1

[
K(Yi)−

1

ns

ns∑
s=1

k̃(U si , θ)

]}
.

Note that for the last 3 moments
nI∑
i=1

needs to be replaced by
nn∑
i=1

because

the moments focus on the number of neighbors (not on the number of total

wells). Therefore it is appropriate to divide by the total number of wells (for

the �rst 6 moments) or edges (for the last 3 moments) for weighting reasons.

I.e. for the �rst 6 moments we get

θ̂nIns(Ω) =argmin
θ

{
1

nI

nI∑
i=1

[
K(Yi)−

1

ns

ns∑
s=1

k̃(U si , θ)

]}T
Ω

×

{
1

nI

nI∑
i=1

[
K(Yi)−

1

ns

ns∑
s=1

k̃(U si , θ)

]}
=:argmin

θ
Γs(θ),

while for the last 3 moments, where the sum is over the total number of
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edges nn, we get:

θ̂nIns(Ω) =argmin
θ

{
1

nn

nn∑
i=1

[
K(Yi)−

1

ns

ns∑
s=1

k̃(U si , θ)

]}T
Ω

×

{
1

nn

nn∑
i=1

[
K(Yi)−

1

ns

ns∑
s=1

k̃(U si , θ)

]}
.

To make it easier, we �rst show how Γs(θ) looks for our �rst 3 moments and

their simulators 1
ns

ns∑
s=1

1
nI

nI∑
i=1

Y `,s
i :(

1

nI

nI∑
i=1

(
K(Yi)−

1

ns

ns∑
s=1

k̃(U si , θ)

))T
Ω

×

(
1

nI

nI∑
i=1

(
K(Yi)−

1

ns

ns∑
s=1

k̃(U si , θ)

))

=

(
Ȳ` − 1

ns

ns∑
s=1

Ȳ `,s

)T
l∈{1,2,3}

Ω

(
Ȳ` − 1

ns

ns∑
s=1

Ȳ `,s

)
l∈{1,2,3}

=


Ȳ1 − 1

ns

ns∑
s=1

Ȳ 1,s

Ȳ2 − 1
ns

ns∑
s=1

Ȳ 2,s

Ȳ3 − 1
ns

ns∑
s=1

Ȳ 3,s



T

Ω


Ȳ1 − 1

ns

ns∑
s=1

Ȳ 1,s

Ȳ2 − 1
ns

ns∑
s=1

Ȳ 2,s

Ȳ3 − 1
ns

ns∑
s=1

Ȳ 3,s


=

3∑
`=1

(
Ȳ` − 1

ns

ns∑
s=1

Ȳ `,s

)2(
1

Ȳ`

)2

=

3∑
`=1

(
Ȳ` − Ȳ `

Ȳ`

)2

,

where Ω = diag
((

1/Ȳ1
)2
,
(
1/Ȳ2

)2
,
(
1/Ȳ3

)2)
. We also assume Ȳ` 6= 0, oth-

erwise our MATLAB algorithm will set the corresponding
(
Ȳ`−Ȳ `

Ȳ`

)2
= 0.

Now we apply the MSM estimator to our 9 moments.

Let

Ω = diag((1/Ȳ1)2, (1/Ȳ2)2, (1/Ȳ3)2, (1/Ȳ(1,2))2, (1/Ȳ(1,3))2,

(1/Ȳ(2,3))2, (1/Z̄1)2, (1/Z̄2)2, (1/Z̄3)2)
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and W := {(1, 2), (1, 3), (2, 3)}.
We de�ne the MSM estimator for our model as the minimizer of:

(
Ȳ` − 1

ns

ns∑
s=1

Ȳ `,s

)
`∈{1,2,3}(

Ȳ(`1,`2) − 1
ns

ns∑
s=1

Ȳ (`1,`2),s

)
(`1,`2)∈W(

Z̄` − 1
ns

ns∑
s=1

Z̄`,s
)
`∈{1,2,3}



T

Ω

×



(
Ȳ` − 1

ns

ns∑
s=1

Ȳ `,s

)
`∈{1,2,3}(

Ȳ(`1,`2) − 1
ns

ns∑
s=1

Ȳ (`1,`2),s

)
(`1,`2)∈W(

Z̄` − 1
ns

ns∑
s=1

Z̄`,s
)
`∈{1,2,3}


=

3∑
`=1

(Ȳ` − 1

ns

ns∑
s=1

Ȳ `,s

)2(
1

Ȳ`

)2


+
∑

(`1,`2)∈W

(Ȳ(`1,`2) − 1

ns

ns∑
s=1

Ȳ (`1,`2),s

)2(
1

Ȳ(`1,`2)

)2


+
3∑
`=1

(Z̄` − 1

ns

ns∑
s=1

Z̄`,s

)2(
1

Z̄`

)2


=
3∑
`=1

((
Ȳ` − Ȳ `

Ȳ`

)2

+

(
Z̄` − Z̄`

Z̄`

)2
)

+
∑

(`1,`2)∈W

(
Ȳ(`1,`2) − Ȳ (`1,`2)

Ȳ(`1,`2)

)2

.

In other words, the MSM estimator θ̂nIns(Ω) is

θ̂nIns(Ω) =argmin
θ

3∑
`=1

((
Ȳ` − Ȳ `

Ȳ`

)2

+

(
Z̄` − Z̄`

Z̄`

)2
)

+
∑

(`1,`2)∈W

(
Ȳ(`1,`2) − Ȳ (`1,`2)

Ȳ(`1,`2)

)2

.

(4.1)

Again, we assume Ȳ` 6= 0 as well as Ȳ(`1,`2) 6= 0 and Z̄` 6= 0, otherwise the

corresponding term will be set to zero in our MATLAB algorithm.

This is the estimator we will try to �nd in Chapter 5.

However, there are some di�erences between our estimator and the estimator

we described in Section 3.3. In contrast to the assumptions in Proposition

3.2, our random variables Y s
i are not independent due to contamination.

For the strong consistency in Proposition 3.2 i) to hold, we need the strong
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law of numbers to apply for these weakly dependent variables. We do not

state a proof for this here. Dr. Bence Mélykúti is currently working on

the proof and will possibly publish it in the near future. Another problem

concerning the consistency could be the uniqueness of θ0 which is not al-

ways given. If all wells are white (i.e. red, green and blue), it is obvious

that (λ1, λ2, λ3, µ)T = (1, 1, 1, ·)T as well as any combination of µ = 1 and

arbitrary positive (λ`)`∈{1,2,3} yield the right result and we have an in�nite

number of possible estimators. Nevertheless, if we look at the tests of our

algorithm in Chapter 6, the estimators seem to be strongly consistent (we

expect θ0 to be unique for nI → ∞ when µ 6= 1 or (λ`)`∈{1,2,3} 6∈ {0, 1}).
Also, the asymptotic normality property in Proposition 3.2 ii) is not applica-

ble in our case since the moments we use are not di�erentiable with respect

to θ (we use so called frequency simulators, for more information see [GM97,

p.96]). Thus we cannot calculate the �rst order conditions needed in the

proof.

Now that we stated the theoretical background of our simulation model, the

next chapter will explain how the implemented MATLAB algorithm works.



CHAPTER 5

MATLAB algorithms

Our MATLAB Code is divided into two parts. The �rst part extracts infor-

mation from the picture of the laboratory experiment. We try to calculate

the triangular grid and to �nd out which color(s) belong(s) to each grid

point. The information is saved in matrices where the entries represent the

grid points. The second part of our algorithm is the implementation of the

method of simulated moments. Given the matrices we created in the �rst

part (which represent the experiment picture), we will simulate ns synthetic

experiments and calculate the estimators that most likely led to our experi-

ment picture.

In both sections of this chapter, we will �rst give a short instruction on how

to use the program as a MATLAB user. Afterwards we will brie�y explain

how the MATLAB algorithm works. If one wants to get more detailed infor-

mation about the algorithm, the whole MATLAB code including comments

for every function can be found in the appendix.

1. Algorithm for the recognition of the grid and colors

MATLAB instructions

To start the program, we have to open the MATLAB command window,

type 'automatic_grid_�tting_perspective_click;' and press return. We are

asked to enter the �lename of our experiment picture. Let us assume the

picture 'test.jpg' is saved in the subfolder 'images' of our MATLAB �les. In

that case, we type 'images/test.jpg' (see Figure 6). Once we con�rmed the

�lename we can choose a name for the output �le (i.e. the variables that

will represent the experiment and that will be needed for the MSM). We can

either choose a new name or press return to use the default name.

Figure 6

MATLAB command to run the grid and color recognition.

28
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(a) The user is asked to click on the centers of two neighboring

wells.

(b) To be more accurate, it is possible to zoom in.

Figure 7

A new window showing the input image opens and we are asked to click on

the centers of two neighboring spots. Even if it will not a�ect the results of

the MSM, it is recommended to choose two horizontal neighbors if possible.

Since these two clicks are used to calculate some initial values for the grid,

it is important to be accurate. If needed, we can zoom in before clicking the

centers. This process is shown in Figure 7.

Note that for demonstration reasons most of the �gures in this section show

a synthetic experiment that was created with MATLAB. This is because the

hexagonal tiling in laboratory experiments is usually not perfect and our

algorithm might have problems recognizing it correctly (as we will see later).
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Figure 8

The user is asked to add any missing spots with blue color (i.e. blue, magenta,

cyan or white). Since the �gure shows a synthetic experiment with perfectly

arranged wells, all spots were already recognized by our algorithm. This is

usually not the case for laboratory images as we will see later in this section.

Another window pops up showing the recognized spots with red color (i.e.

red, yellow, magenta and white). We are asked to add missing spots manually

by clicking on their centers and to press enter when done. This step repeats

for green and blue color (see �gure 8). The centers provide extra information

for the �tting of the triangular grid.

Our algorithm now �ts the grid and visualizes the result in two ways. One

window shows the calculated grid points (Figure 9) and the second one (Fig-

ure 10) shows the input image as well as the recognized image (i.e. the image

whose information will be saved in the matrices as an output). We are now

asked to investigate the grid and the recognized spots to decide whether the

results are good enough. If this is the case, a .mat �le is saved. This �le will

be the input parameter for the MSM algorithm in Section 5.2. If the results

are not good enough, the user can choose to either start again or quit the

program.
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Figure 9

The calculated grid points (white) are visualized on the original image. As we

can see, the grid �tting worked perfectly. For an example where the �tting is not

optimal, see Figure 13

(a) The original image. (b) The image as it was recognized by the

algorithm.

Figure 10

We can see that the two images match. This usually means that the spot

recognition worked perfectly. An example where some spots are missing or are at

the wrong place can be seen in Figure 14
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Explanation of the algorithm

The box below shows the code structure of the MATLAB algorithm, i.e. the

functions in the order they are used in the code.

Code structure:

automatic_grid_�tting_perspective_click.m

ginputc.m

detect_centroids.m (3x)

ginputc.m

errorFunctionProjectiveNew.m

kdtree.m

compute_transformed_grid_points_perspective.m

compute_transformed_grid_points_perspective.m

grid_cropping.m

color_to_matrix.m

Notes:

• ginputc.m behaves similarly to the built-in MATLAB function gin-

put, except you can customize the cursor color, line width, and line

style.

Source and description: [Dok12]

• kdtree.m implements a kdtree for nearest neighbor and range search-

ing. Using MATLAB 2012b and 2013a, the function kdtree.m does

not work under Windows7 without further adjustments. Instruc-

tions on how to use it in Windows can be found in the comment

section of [Mic08]. However, using MATLAB R2015b under Linux,

kdtree.m works without any adjustments.

Source and description: [Mic08]

Without going into great detail, we will brie�y explain the most important

functions to get an idea about how the algorithm works. Many variables

that are important for the algorithm to work will not be mentioned in this

section. Details about all variables and functions can be found in the MAT-

LAB code in the appendix.

The algorithm is split up into 3 main parts:

(1) The Recognition of the centroids of the colored wells.
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(2) Based on two clicks by the user, a triangular grid is created. This

grid is deformed by a perspective map and the parameters are op-

timized until the sum of squared distances between the centroids

detected in (1) and the nearest grid point is minimal.

(3) The color of the experiment image at each optimized grid point is

scanned to decide whether the corresponding well contains DNA or

is empty.

automatic_grid_�tting_perspective_click.m is the main function for the recog-

nition of the grid and the colors. It calls the input image chosen by the user

and creates a perspective mapping of the grid with 8 parameters (this way

we allow the usually parallel lines to converge to a vantage point). For

this perspective mapping, automatic_grid_�tting_perspective_click.m cal-

culates some initial values for the optimization of the triangular grid based

on the �rst two clicks by the user (i.e. the distance between two neighboring

centers and the angle for the rotation of the grid around a reference point).

To get a good �tting of the true grid, it is important to know the location

of as many well-centers as possible. detect_centroids.m detects the coordi-

nates of the centers of the wells that contain red, green or blue color. The

coordinates are saved in a vector and visualized. The user can add centroids

that were not detected to improve the grid �tting (see Figure 12).

Since the shape of the triangular grid in the laboratory experiments is usu-

ally not perfect, we use 8 parameters to optimize the grid:

• The X and Y coordinates of the �rst point the user clicked on form

the reference point (xg0, yg0). We expect one grid point to be close

to the reference point.

• The distances r ∈ R2, i.e. the distance from the reference point to

a neighboring well in the same row and the vertical distance from

the reference point to a neighbor in the row above (or below), both

initialized as the euclidean distance between the �rst and the second

click by the user.

• A vector α ∈ (−π/2, π/2]2 representing the rotation of the grid,

where the initial values are determined by the angle between the

�rst two clicks.

• A normalization vector c ∈ R2 with initial value (0, 0), where c1

and c2 are independent variables that are needed for the perspective

mapping.
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With these initial values, compute_transformed_grid_points_perspective.m

computes a �rst grid. Using this grid, errorFunctionProjectiveNew.m �nds

the closest grid points for all detected centroids by calling the function

kdtree.m. The distance between these centroids and the grid points is then

minimized by changing the 8 parameter values to �nd the optimal grid.

Once we created our �tted grid, the function grid_cropping.m deletes rows

and columns whose coordinates are completely outside of the image bound-

aries. What remains is a grid of size (nrows,ncols) where some grid points

might still lie outside the image boundaries (see Figure 11(b)). For cases

like this, we introduce an 'area of interest matrix' of size (nrows,ncols). The

purpose of this matrix is to decide whether a grid point should be part of

our calculations or not. In the area of interest matrix, all grid points inside

the image boundaries are 1 whilst grid points outside the boundaries are 0,

i.e. they will be ignored for further calculations. This way, the amount of

ones in the area of interest matrix equals the number of grid points in the

image from the laboratory experiment.

Note that if we want some speci�c wells not to be part of our calculations,

we can manually set the corresponding entries in the area of interest matrix

to 0 and they will be ignored in further calculations.

Another important output of grid_cropping.m is the variable 'shape', that

tells us the shape of the triangular grid, i.e. whether all even or odd num-

bered rows are shifted to the right.

One of the most important variables in both parts of our program is the so

called 'experiment_matrix'. It is a matrix of size (nrows,ncols,4), i.e. four

matrices of size (nrows,ncols). The �rst of those matrices is the area of inter-

est matrix. The second matrix represents the red wells: if well (i, j) contains

red color, experiment_matrix(i, j, 2) = 1 and 0 otherwise. Accordingly the

third matrix represents the green and the fourth matrix the blue wells.

The function color_to_matrix.m creates the matrices for the three colors

in the following way: We take the coordinates of all optimized grid points

that lie inside the area of interest and check the color of the experiment

image at those coordinates. E.g. take the coordinates of grid point (i, j)

and check the corresponding color channel in our experiment image. If

the grayscale value of the red channel exceeds a speci�ed threshold, we set

experiment_matrix(i, j, 2) = 1. If there is no sign of red color, it remains 0.

The same happens for green and blue color,i.e. for experiment_matrix(i, j, 3)

and experiment_matrix(i, j, 4).

Finally, automatic_grid_�tting_perspective_click.m visualizes the recognized
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(a) The triangular grid is not always perfectly straight.

(b) The blue spots show the �tted grid after cropping. The black

frame represents the boundaries of our experiment image. The grid

points outside the image boundaries are set to zero in the so called

'area of interest matrix' and will be ignored for further calculations.

E.g. entry (1,1) is 0 whilst entry (3,1) is 1.

Figure 11

Since we optimize the grid with our 8 parameters, the algorithm can deal with

tilted grids like this.
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Figure 12

Many blue spots could not be recognized automatically, e.g. the cluster

consisting of �ve blue wells at the bottom left.

grid and a comparison between the original experiment image and the rec-

ognized image (see Figures 9, 10, 13 and 14).

The variable 'experiment_matrix' containing the area of interest and infor-

mation about the wells and their colors can be seen as a representation of the

original experiment image. 'experiment_matrix' and 'shape' hold the data

we need for the MSM in the second part of the program. They are saved in

a .mat �le which can be used as an input to the MSM.

The recognition of the grid and colors is not optimal yet and we will now

state some shortcomings.

In Figure 8 we saw that the recognition of blue spots worked perfectly and

every spot was recognized by our algorithm. However, Figure 12 shows an-

other example (of a laboratory experiment) where some spots in the image

were not recognized and the user can manually add missing centers. This

problem is caused by bad resolution and the fact that the colors of some

neighboring wells merge and there is no space in between.

The images we get from the laboratory experiments are usually not based on

a perfect triangular grid wich leads to problems concerning the recognition

of the grid and colors.

Figure 14(a) shows a laboratory experiment image. We can observe that
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Figure 13

Grid recognition of an experiment image. Due to the lack of symmetry of the

spots and the partly curved grid, the �tting is not optimal.

many wells do not have a symmetric form which makes it hard to compute the

true centers. In addition, the grid seems to be curved at some places. Those

two properties lead to an imprecise grid recognition as seen in Figure 13.

Figure 14 shows the resulting comparison between the original experiment

image and the recognized image.

We have seen that the grid and color recognition works for perfectly shaped

triangular grids. Our algorithm only starts to have some di�culties if the

quality of the experiment image is not good enough.
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(a) The original image. (b) The image as it was recognized by the

program.

Figure 14

We can see that some colors are located in the wrong place whilst some other

colored wells were not even detected.

2. Implementation of the MSM

MATLAB instructions

To start the program we need to call the function msm.m which needs the

following 3 input variables:

• the number of simulations (ns in Chapter 4),

• the number of optimizations nopt with di�erent initial values for

(λ1, λ2, λ3, µ)T ,

• an upper limit µmax for the initial value of the contamination rate

µ (note that this is just an initial value, it is not a constraint for

the estimator of µ0).

In the evaluation of our tests in Chapter 6 we show some examples of how

to possibly choose the 3 variables.

In general, the estimators get better as the number of simulations ns in-

creases.

µmax should be chosen intuitively by the user depending on the experiment

image. E.g. µmax = 0.1 means that the we do not expect more than 10% of

all possible edges to be open.

The initial values for the di�erent optimizations r ∈ {1, . . . , nopt} are de-

termined as follows:
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We calculate λ`max = 1
nI

nI∑
i=1
Y`i for ` ∈ {1, 2, 3}. Note that the true DNA

concentration is ≤ λ`max since it represents the concentration for µ = 0, i.e.

when there is no contamination. We de�ne the initial values for the �rst

optimization as

λ`ini1 = λ`max,

µini1 = 0

for ` ∈ {1, 2, 3}. If nopt > 1, the initial values for optimization r are

λ`inir = λ`inir−1
− λ`max

nopt
,

µinir = µinir−1 +
µmax
nopt − 1

for ` ∈ {1, 2, 3} and r ∈ {2, . . . , nopt}, i.e. the initial values for the DNA

concentrations decrease linearly (note that they are always positive) as the

initial values for the contamination increase linearly until µininopt
= µmax.

E.g. if we have (λ1
max, λ

2
max, λ

3
max, µmax)T = (0.06, 0.12, 0.09, 0.06)T and we

choose nopt = 3, i.e. we get 3 simulations, the initial values would be

(λ1
ini1 , λ

2
ini1 , λ

3
ini1 , µini1)T = (0.06, 0.12, 0.09, 0)T ,

(λ1
ini2 , λ

2
ini2 , λ

3
ini2 , µini2)T = (0.04, 0.08, 0.06, 0.03)T ,

(λ1
ini3 , λ

2
ini3 , λ

3
ini3 , µini3)T = (0.02, 0.04, 0.03, 0.06)T .

For the number of optimizations we suggest nopt ≤ 100µmax. Tests showed

that the estimators do not show signi�cant improvement for more optimiza-

tions but the algorithm takes longer to calculate as nopt increases. In general

it holds: The bigger the grid, the less optimizations are needed.

For demonstration reasons we let the number of simulations be 20, the num-

ber of optimizations 6 and µmax = 0.1. In this case we would open the

MATLAB command window and type 'msm(20, 6, 0.1);'.

We are asked to enter the �lename for the .mat �le that was created in the
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�rst part of the program. E.g. if our �le is 'test.mat' and it is located in the

subfolder 'images' of our MATLAB �les, we have to type 'images/test.mat'

(see yellow box in Figure 15). Once we con�rmed the �lename, we can choose

a name for the output �le which will contain our estimators and some other

variables. We can either choose a new name or press return to use the default

name.

MATLAB now starts the simulations and calculates the best estimator of all

optimization processes. Figure 15 displays the command window after the

best estimator has been found. The green box shows our estimator θ̂nIns .

The column 'optim number' simply shows the number of the current opti-

mization (recall that we chose to have 6 optimizations with di�erent initial

values), i.e. each row represents one optimization process. Columns 2, 3, 4, 5

show the di�erent initial values for (λ1, λ2, λ3, µ)T and columns 7, 8, 9, 10 list

the corresponding values after each optimization. Columns 6 and 11 concern

the objective function of the MSM that is to be minimized. Column 6 shows

its value with the given initial estimators while column 11 represents the

value of the objective function for the optimized estimators.

As we can see, our minimal value for the objective function is 0.1085 (row

3, column 11).

Accordingly our estimator is θ̂nIns = (0.0095, 0.0746, 0.0358, 0.0531)T .

Note that the variable 'abst' in Figure 15 shows the normalized squared

distances between the empirical moments and the simulated moments for

each of our 9 moments. In our program, we set the moments 4, 5 and 6 to

zero (the moments that concentrate on the probability that a random well

is labeled with two colors), because we suspect that they do not lead to any

improvement of the estimators. Those moments can be easily set to be non-

zero by removing the two '0∗' in lines 104 and 106 of optim.m. The sum of

the 9 entries in abst equals the minimul objective function value of 0.1085

(up to a rounding error of 0.0001).
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Figure 15

MATLAB command window for the method of simulated moments. The values

in the green box are our estimators (λ̂1, λ̂2, λ̂3, µ̂)T .

Apart from the command window, another window (see Figure 16) opens

that visualizes the �rst out of ns simulations before and after contamination

and the contamination clusters. It is displayed as a typical realization of the

process, generated with our MSM estimator θ̂nIns .
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(a) State of the �rst simulation before con-

tamination.

(b) State of the �rst simulation after con-

tamination.

Figure 16

Visualization of the �rst simulation with values (0.0095, 0.0746, 0.0358, 00531)T .

The white lines show where contamination takes place.

In this example, we can observe that the di�erent values of the objective

function are not very close to zero (see Figure 15). This is due to the fact

that our test-grid of size (15, 15) is rather small. In Chapter 6 we will see

that those values will get closer to zero as the grid size increases.

In the �nal step of the algorithm, the already mentioned .mat �le that con-

tains the MSM estimator and some other variables (see appendix for more

information) is saved.

The output variables are:

• errors: the values of the objective function for a trivial estimator

(µ = 0, λ` =
nI∑
i=1

ns∑
s=1

Y `,s
i

nIns
for ` ∈ {1, 2, 3}) and for the MSM estima-

tor θ̂nIns .

• estimators: the MSM estimator θ̂nIns = (λ̂1, λ̂2, λ̂3, µ̂)T

• input_variables: the number of simulations, number of optimiza-

tions and µmax chosen by the user.

• max_edges: (nrows,ncols,3) matrix containing information about if

an edge can possibly be open.

• time: the elapsed time.

• wells: (nrows,ncols,4) matrix with information about the area of

interest and the colors in each well of the visualized simulation af-

ter contamination.
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Explanation of the algorithm

The box below shows the code structure of the MATLAB algorithm, i.e. the

functions in the order they are used in the code.

Code structure:

msm.m

simcalcs.m

optim_output.m

simulation.m

contamination.m

simcalcs.m

fminsearchbnd.m

optim.m

simulation.m

contamination.m

simcalcs.m

optim_output.m

simulation.m

contamination.m

hexa.m

simcalcs.m

Note:

fminsearchbnd.m behaves similarly to the built-in MATLAB function fmin-

search, except you can add bound constraints. Source and description:

[D'E12]

Just like in Section 1 of this chapter, we will brie�y explain how the MAT-

LAB algorithm works. For more detailed information, the whole MATLAB

code including comments on every function and variable can be found in the

appendix.

msm.m is the main function for the parameter estimation by the method

of simulated moments.

It calls the variables 'experiment_matrix' and 'shape' that represent the

data set of the experiment (these variables are stored in the .mat �le that
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was created by automatic_grid_�tting_perspective_click.m).

Before we continue to explain the algorithm itself, we will explain how we

handle the edges in our grid.

It is important to have a method that lets us access all edges in the grid

uniquely. The triangular shape suggests the following method: For each

vertex/well i ∈ I we have three edges that can lead to possible contamination:

One edge connecting i and its right neighbor, one edge connecting i and its

down-right neighbor and one edge connecting i and its down-left neighbor

(see Figure 17). The boundary wells form a special case. E.g. the last well

in each row does not have a right neighbor i.e. a contamination to the right

cannot exist. Our algorithm deletes those extra edges and they are not part

of any calculations.

We de�ne three sets for our edges:

Ir = {(i, j) ∈ I × I | j is right neighbor of i}

Idr = {(i, j) ∈ I × I | j is down-right neighbor of i}

Idl = {(i, j) ∈ I × I | j is down-left neighbor of i}

To be able to simulate the seeding process of DNA and the open edges, we

will create some random variables U si . As mentioned in Chapter 4, we can

do this in two di�erent ways:

Method 1):

We let Uυ,si be independent uniform random variables on [0, 1] where i ∈
{1, . . . , nI}, υ ∈ {1, . . . , 6} and s ∈ {1, . . . , ns}. U1,s

i , U2,s
i and U3,s

i repre-

sent the source of randomness for the seeding of the three DNA samples.

U4,s
i , U5,s

i and U6,s
i form the source of randomness for the edges: U4,s

i con-

cerns the edge from well i in simulation s to the right, U5,s
i concerns the
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Figure 17

Triangular grid with the corresponding edges (red). Every vertex (except the

ones on the boundaries) has three edges leading to the right, down-right and

down-left. We connect those edges and take away the unnecessary edges for

boundary vertices to get the set of all edges.

down-right edge and U6,s
i the down-left edge. Similarly to ηµ(ξ) in Sec-

tion 2.2, we de�ne for s ∈ {1, . . . , ns}:

X`,s
i =

1 if U `,si < λ`

0 if U `,si ≥ λ`
for ` ∈ {1, 2, 3},

ηµ(ξsij) =

1 if U4,s
i < µ

0 if U4,s
i ≥ µ

for (i, j) ∈ Ir,

ηµ(ξsij) =

1 if U5,s
i < µ

0 if U5,s
i ≥ µ

for (i, j) ∈ Idr,

ηµ(ξsij) =

1 if U6,s
i < µ

0 if U6,s
i ≥ µ

for (i, j) ∈ Idl

for given parameters (λ1, λ2, λ3, µ)T . We recall that (X`,s
i )`∈{1,2,3} represents

the state of well i before contamination (e.g. if red color/DNA1 was seeded

into well i of simulation s, we have X1,s
i = 1 and 0 otherwise) and that edge
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ξsij is open for ηµ(ξsij) = 1 and closed for ηµ(ξsij) = 0.

One feature of this method is that it generates binomially distributed random

numbers for the amount of colored wells and open edges, i.e. we have rather

high standard deviations. E.g. let us assume the probabilty for an edge to be

open is µ = 0.1 and the number of total edges is nn = 50000. The binomial

variable has standard deviation
√
nnµ(1− µ) = 67.08 and the mean is 5000.

This means that due to random �uctuations it would not be surprising to

get anywhere around 5000 ± 67 open edges in a simulation. However, e.g.

5067 open edges would go along with µ = 5067/50000 = 0.1013 instead of

0.1.

We try to circumvent this problem by introducing another method that is

biased on the one hand but reduces variance and delivers the 'right amount'

of open edges and colored wells (i.e. 5000 in the example above) on the other

hand.

Method 2):

In this method, we use random permutations to generate the number of seeds

and open edges. Note that this method to create simulators is biased, as we

will see later. For each simulation and color, we permute the indices of all

wells and all edges and save those permutations in a variable (it is important

for the MSM that the same permutations are used for di�erent values of θ,

see De�nition 3.2 in Section 3.3).

We de�ne a vector w = (1, . . . , nI) that contains the indices of all wells.

Using uniform random permutations σ(·) ∈ SnI (where SnI is the symmetric

group on nI elements) for each color and simulation, we get new vectors

(w̃`,s)`∈{1,2,3},s∈{1,...,ns} = (σ`,s(1), . . . , σ`,s(nI))`∈{1,2,3},s∈{1,...,ns}.

Let ζ(·) be a function that rounds to the nearest integer. We de�ne

(Ũ `,s)`∈{1,2,3},s∈{1,...,ns} = (σ`,s(1), . . . , σ`,s(ζ(λ`nI)))`∈{1,2,3},s∈{1,...,ns}

with
∣∣∣Ũ `,s∣∣∣ = ζ(λ`nI).

Since ζ(λ`nI) is the closest integer to the expected number of cavities seeded

with DNA sample `, we choose
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X l,s
g =

1 if g ∈ Ũ `,s

0 otherwise
for ` ∈ {1, 2, 3} and s ∈ {1, . . . ns}.

This method achieves that the di�erence between seeded wells and the ex-

pected number of seeded wells is at most 0.5 for each simulation.

The same technique is applied for the edges:

For all simulations, we create a vector with all elements of {Ir ∪ Idr ∪ Idl},
i.e. with all edges that can possibly be open: z = (ξ1, . . . , ξnn). Again, we

use uniform random permutations γ(·) ∈ Snn to get new vectors

(z̃s)s∈{1,...,ns} = (ξsγ(1), . . . , ξ
s
γ(nn))s∈{1,...,ns}.

We take the �rst ζ(µnn) elements to de�ne

Ũ4,s = {ξsγ(1), . . . , ξ
s
γ(ζ(µns))} for s ∈ {1, . . . , ns}

with
∣∣∣Ũ s∣∣∣ = ζ(µnn), which is the closest integer to the expected value of

open edges for given µ and nn. We choose

η(ξsh) =

1 if h ∈ Ũ4,s

0 otherwise
for s ∈ {1, . . . , ns}.

and choose the number of open edges in our simulation by this de�nition.

As mentioned earlier, this simulation of the open edges and the seeding pro-

cess is biased since it generates (weakly) dependent variables. E.g. if we

know for all except one edge whether it is open or closed, we can infer the

state of the last edge.

Using this method can be interpreted as a trick. We get a trade-o� between

bias and decreased variance. Indeed, tests in Chapter 6 show that method 2)

seems to deliver more accurate estimators, which is why we choose to work

with this method.

Once we created the matrices for the seeding and the open edges, the function

simcalcs.m calculates the observed moments K(Yi) for the data set (using

the variables 'experiment_matrix' and 'shape' that represent the experiment

image).

Via the above method 2), the function simulation.m provides matrices for
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the seeding and open edges for given values θ. Using those matrices, con-

tamination.m generates the contamination clusters and saves the vertices

of each cluster in a vector (compare to C(i) in Chapter 2.2). The process

of contamination with the calculated paths is implemented in simulation.m.

The resulting matrices form our synthetic experiments, i.e. our simulations.

They contain the information about the state Y`,si of each well after contam-

ination.

In the next step, simcalcs.m calculates the simulated moments k̃. The func-

tion optim.m computes the value of the objective function. By using fmin-

searchbnd.m the objective function gets minimized and we obtain an opti-

mized estimator for our initial values.

In case the user decides to choose more than one optimization process, the

whole procedure starts again. The di�erence between the various optimiza-

tion processes lies in the di�erent initial values for each optimization. It is

likely that di�erent optimizations deliver di�erent estimators.

The algorithm now compares the objective function values of each estima-

tor. The estimator with the lowest objecive function value will �nally be our

MSM estimator θ̂nIns .



CHAPTER 6

Results

In this chapter, we test our program using some synthetic experiments for

which we know the true parameter vector θ0. We also test the program on

a laboratory experiment and try to evaluate the MSM estimators.

For our tests, we created synthetic experiments of di�erent sizes nI . Note

that we used method 1) in Section 5.2 to create these synthetic experiments.

We apply our program using di�erent combinations of the input variables

(i.e. the number of simulations, the number of optimizations and µmax). For

the evaluation we take into account the true values, our MSM estimators, the

absolute estimation errors in percentage and some other information that we

can only obtain from synthetic experiments but not from laboratory experi-

ments.

The variables in Table 1-4 are de�ned as follows:

• nI : the total number of wells
• nn: the total number of possible edges
• ns: the number of simulations (chosen by the user)

• nopt: the number of optimizations (chosen by the user)

• µmax: the upper limit for the initial value of the contamination rate

µ before optimization (chosen by the user)

• θ0 = (λ1
0, λ

1
0, λ

1
0, µ0)T : the true values used to create the synthetic

experiment

• θ̂nIns

M1 = (λ̂1
M1, λ̂

2
M1, λ̂

3
M1, µ̂M1)T : the MSM estimator using method

1) in Section 5.2

• dM1: the absolute deviations of θ̂
nIns

M1 from θ0 in percentage:

dM1 = 100

∣∣∣∣1− θ̂
nIns
M1
θ0

∣∣∣∣
• θ̂nIns

M2 = (λ̂1
M2, λ̂

2
M2, λ̂

3
M2, µ̂M2)T : the MSM estimators using method

2) in Section 5.2

• dM2: the absolute deviations of θ̂
nIns

M1 from θ0 in percentage:

dM2 = 100

∣∣∣∣1− θ̂
nIns
M2
θ0

∣∣∣∣
• errθ̂nIns

M2
: the value of the objective function for θ̂nIns

M2 .

49
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nI = 25× 25 = 625, nn = 1776

ns nopt µmax θ0 θ̂nIns

M1 dM1 θ̂nIns

M2 dM2 errθ̂nIns
M2

10 10 0.1 0.1 0.1287 28.7% 0.1223 22.3% 0.0126

0.05 0.0597 19.4% 0.0605 21%

0.07 0.0614 12.29% 0.0587 16.14%

0.06 0.0428 28.67% 0.0436 27.33%

50 10 0.1 0.1 0.1248 24.8% 0.1229 22.9% 0.0107

0.05 0.0627 25.4% 0.0626 25.2%

0.07 0.0595 15% 0.0602 14%

0.06 0.0420 30% 0.0403 32.83%

100 10 0.1 0.1 0.1339 33.9% 0.1271 27.1% 0.0062

0.05 0.0629 25.8% 0.0592 18.4%

0.07 0.0607 13.29% 0.0606 13.43%

0.06 0.0396 34% 0.0413 31.17%
Table 1

Three tests on a synthetic experiment with nI = 25× 25 = 625

wells and θ0 = (0.1, 0.05, 0.07, 0.06).

nI = 100× 100 = 10000, nn = 29601

ns nopt µmax θ0 θ̂nIns

M1 dM1 θ̂nIns

M2 dM2 errθ̂nIns
M2

20 10 0.05 0.07 0.0734 4.86% 0.0728 4% 0.00020

0.05 0.0508 1.6% 0.0497 0.6%

0.04 0.0390 2.5% 0.0393 1.75%

0.03 0.0259 13.67% 0.0258 14%

40 10 0.05 0.07 0.0736 5.14% 0.0738 5.43% 0.00014

0.05 0.0504 0.8% 0.0497 0.6%

0.04 0.0392 2% 0.0391 2.25%

0.03 0.0254 15.33% 0.0256 14.67%
Table 2

Two tests on a synthetic experiment with nI = 100× 100 = 10000

wells and θ0 = (0.07, 0.05, 0.04, 0.03).
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nI = 300× 300 = 90000, nn = 268801

ns nopt µmax θ0 θ̂nIns

M1 dM1 θ̂nIns

M2 dM2 errθ̂nIns
M2

1 6 0.03 0.05 0.0480 4% 0.0460 8% 0.0056

0.06 0.0575 4.17% 0.0573 4.5%

0.03 0.0298 0.67% 0.0311 3.67%

0.02 0.0239 19.5% 0.0225 12.5%

6 3 0.03 0.05 0.0480 4% 0.0479 4.2% 0.0009

0.06 0.0580 3.33% 0.0586 2.33%

0.03 0.0299 0.33% 0.0301 0.33%

0.02 0.0244 22% 0.0223 11.5%
Table 3

Two tests on a synthetic experiment with nI = 300× 300 = 90000

wells and θ0 = (0.05, 0.06, 0.03, 0.02).

nI = 500× 500 = 250000, nn = 748001

ns nopt µmax θ0 θ̂nIns

M1 dM1 θ̂nIns

M2 dM2 errθ̂nIns
M2

2 3 0.04 0.03 0.0295 1.67% 0.0293 2.33% 0.0011

0.04 0.0402 0.5% 0.0401 0.25%

0.05 0.0522 4.4% 0.0520 4%

0.02 0.0192 4% 0.0195 2.5%
Table 4

Test on a synthetic experiment with nI = 500× 500 = 250000

wells and θ0 = (0.03, 0.04, 0.05, 0.02).

Let us �rst consider the columns θ̂nIns

M1 , dM1, θ̂
nIns

M2 , and dM2 in Tables 1-4.

We can observe that the MSM estimators of the two methods are mostly

close together. However, it seems like (especially for large nI) method 2)

delivers the better estimators after all. The largest di�erence is found in the

second part of Table 3, where (ns, nopt, µmax) = (6, 3, 0.03). The deviation

to the true value µ0 is 22% for method 1) whilst we have only 11.5% for

method 2).

For sample size nI = 250000 in table 4, we get similar results. The deviation

to µ0 in method 1) is 4%. Method 2) only has a deviation of 2.5%. The

information in table 4 is especially important for us since nI = 250000 is our

largest sample size.

Due to those observations, we will consider method 2) in the remaining of

this chapter.
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If our estimator µ̂ is much higher than the true value, we expect the es-

timators (λ̂`)`∈{1,2,3} to be lower than their true counterparts and vice versa

(e.g. if we have a higher contamination rate, we need less seeding to get an

amount of colored wells that is similar to the experiment).

In all tests of table 1, we can observe that the estimated µ̂M2 are much

smaller than the true value (at least 27.33%). At the same time, we see that

the di�erent λ̂3
M2 are also much smaller (up to 16.14%) than the true λ3

0.

Intuitively, we would not expect estimators with such clearly wrong proper-

ties. However, an explanation for this incident could be the following:

In table 1 we have nI = 625 and θ0 = (0.1, 0.05, 0.07, 0.06)T . Given those

values, the expected number of seeded wells is

•
625∑
i=1

Eθ0 [X 1
i ] = 625λ1

0 = 62.5 for DNA1,

•
625∑
i=1

Eθ0 [X 2
i ] = 625λ2

0 = 31.25 for DNA2,

•
625∑
i=1

Eθ0 [X 3
i ] = 625λ3

0 = 43.75 for DNA3.

However, our synthetic experiment with nI = 625 delivered slightly di�erent

values:

•
625∑
i=1
X 1
i = 67 for DNA1,

•
625∑
i=1
X 2
i = 33 for DNA2,

•
625∑
i=1
X 3
i = 40 for DNA3,

As we see, we have more seeded wells than expected for DNA1 and DNA2

and less for DNA3. This can lead to wrong estimations (especially for small

nI) in the sense that the estimator for λ3
0 is likely to be too low.

Looking at Tables 1-3, we can observe that, for �xed nI , the value errθ̂nIns
M2

of the objective function decreases as the number of simulations ns increases

(even for a decreasing number of optimizations µopt in Table 3), which sug-

gests that our program works the way it should and there is no sign for bugs

in our code. Nevertheless, we can see that our MSM estimators for e.g. µ0

in Tables 1-3 still have an absolute deviation of at least 11.5%. This leads to

the conjecture that the corresponding sample sizes nI are not large enough

and we do not get better estimators due to random �uctuations.
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nI nn ns nopt µmax errθ̂nIns
M2

errtri errθ0

625 1776 10 10 0.1 0.0126 0.6196 0.6783

625 1776 50 10 0.1 0.0107 0.5833 0.9022

625 1776 100 10 0.1 0.0062 0.5901 0.9006

10000 29601 20 10 0.05 0.0002 0.5841 0.0508

10000 29601 40 10 0.05 0.0001 0.5970 0.0461

90000 268801 1 6 0.03 0.0056 0.6317 0.0331

90000 268801 6 3 0.03 0.0009 0.6406 0.0099

250000 748001 2 3 0.04 0.0011 0.6443 0.0085
Table 5

Comparing the values of the objective function for the MSM

estimator, a trivial estimator and the true value θ0. The

synthetic experiments used are the same as in Tables 1-4.

One important observation in Tables 1-4 that supports this presumption is

that the estimators in our tests get closer to the true values as nI increases.

In Table 4, the largest deviation of θ̂nIns

M2 from θ0 is 2.5%, which means we

found an estimator that is very close to θ0.

We introduce some new variables for Table 5:

• errtri: the value of the objective function for the trivial estimator

µ = 0, λ` =
nI∑
i=1

ns∑
s=1

Y `,s
i

nIns
for ` ∈ {1, 2, 3}, i.e. we assume there is no

contamination.

• errθ0 : the value of the objective function given the true value θ0.

Note that this value has to be close to 0 to allow good estimations.

The MSM estimators θ̂nIns

M2 and the true values θ0 are the same as in Tables 1-

4, e.g.

θ0 = (0.1, 0.05, 0.07, 0.06)T for nI = 625,

θ0 = (0.07, 0.05, 0.04, 0.03)T for nI = 10000,

θ0 = (0.05, 0.06, 0.03, 0.02)T for nI = 90000,

θ0 = (0.03, 0.04, 0.05, 0.02)T for nI = 250000.

Table 5 delivers more options to examine our estimators.

The values of the objective function for our trivial estimators (errtri) are

always higher than the values for the MSM estimators. This is of course
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nI nn ns errθ0

625 1776 10 0.6783

10000 29601 10 0.0505

90000 268801 10 0.0115

250000 748001 10 0.0071

436921 1308120 10 0.0013
Table 6

Di�erent sizes of synthetic experiments and their objective

function values given the true value θ0. errθ0 clearly decreases as

nI increases.

what we expect.

Nevertheless, we see that for nI = 625, errtri is smaller than errθ0 , i.e.

than the objective value function given θ0. This can be explained looking

at the size of nI . For small nI , it is likely that our sample is not yet a

good representation of the underlyinig distribution and other estimators can

lead to a smaller objective function. In our case of nI = 625, the random

�uctuations are so large that even the trivial estimator has a smaller objective

function value.

For our MSM estimator θ̂nIns

M2 , a situation of over�tting occurs: If the sample

size is not large enough, our estimation method will 'over�t' to insigni�cant

�uctuation in the data and create an estimator with a smaller objective func-

tion value than the true θ0.

In our tests with nI = 10000 and nI = 90000, we can observe that errθ0
is already a lot smaller than errtri and errθ0 seems to decrease with an

increasing number of simulations ns. We expect the in�uence of random

�uctuation to decrease as nI increases, i.e. we expect our MSM estimators

to get better with increasing nI (which is what we can observe in Tables 1-4).

In all cases of Table 5, the MSM algorithm �nds estimators whose objec-

tive function values are smaller than the ones for θ0. As stated before, the

reason for this is over�tting. However, we can observe that the larger the

sample size, the better our MSM estimator. This is not surprising since

the evolution of errθ0 in our tests suggests: The larger the sample size, the

smaller the objective function value for θ0.
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Table 6 shows the objective function values errθ0 for the true values θ0 of the

four synthetic experiments in Tables 1-5 and one extra synthetic experiment

of size nI = 661 · 661 = 436921 (with θ0 = (0.02, 0.04, 0.05, 0.03)T ). The

objective function values are all based on 10 simulations.

Again, we can clearly observe that errθ0 decreases when nI increases. This

leads to the presumption that errθ0 → 0 for nI →∞ and �xed ns. Looking

at the evolution of the MSM estimators in Tables 1-4 (especially the esti-

mator in Table 4), it also seems legitimate to assume that θ0 is unique for

nI →∞.

With these observations, we expect our estimator to be strongly consistent

(see Proposition 3.2) for nI →∞ and �xed ns, i.e. θ̂
nIns

M2 → θ0 almost surely.

Unfortunately the program took ∼ 30 hours to estimate θ̂nIns

M2 with the used

input values in Table 4, which is why we do not state a test with larger

input values for ns and nopt in this thesis (computations were carried out on

a laptop computer equipped with an Intel(R) Core(TM) i5-3210M CPU @

2.50 GHz processor and 8 GB RAM).

Note that using the above laptop, MATLAB managed to create a synthetic

experiment of size nI = 661×661, while for nI = 662×662 a 'memory error'

occured and a synthetic experiment could not be created. Regardless of the

time, this restricts our testing possibilities.

Testing our program on a real laboratory experiment

We now want to test our program on a laboratory experiment. We let

Figure 1(b) of Section 1.2 be our experiment image. After running auto-

matic_grid_�tting_perspective_click.m, the recognized grid points and col-

ored wells are as seen in Figures 13 and 14 in Section 5.1 and the program

saves a .mat �le. The recognized grid consists of nI = 2312 wells and we have

nn = 6744 possible edges. It is important to recall that the recognized grid

and the colors are not perfect due to the quality of the experiment image.

The di�erence between Figure 14 (a) and (b) in�uences our MSM estimator.

However, this e�ect will be ignored in the remaining of this chapter.

We run msm.m with 3 di�erent combinations of input values to get the

estimators and objective function values shown in Table 7.

It is logical to assume that the best of the 3 estimators in Table 7 is the

one with the smallest objective function value, i.e. we expect that θ̂nIns

M2 =

(0.0186, 0.0628, 0.0443, 0.0458)T is closest to the unknown θ0 (note that it
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nI = 2312, nn = 6744

ns nopt µmax θ̂nIns

M2 errθ̂nIns
M2

elapsed time

5 5 0.1 0.0171 0.0446 225 sec

0.0661

0.0440

0.0463

20 20 0.1 0.0186 0.0164 4719 sec

0.0628

0.0443

0.0458

80 20 0.1 0.0182 0.0193 15938 sec

0.0638

0.0442

0.0442
Table 7

MSM estimators for a laboratory experiment with di�erent

combinations of input values. The last column is the time that

the program needed for the estimations. This is just an

understanding of how much time di�erent combinations of input

variables need.

is not very surprising that errθ̂nIns
M2

is smaller for ns = 20 than for ns = 80

since our sample size is relatively small).

Assuming that our estimator equals the true θ0 and considering the expected

values, we get that

• 43 wells were initially seeded with DNA1 (i.e. red color) since

2312∑
i=1

Eθ̂nIns
M2

[X 1
i ] = 2312 · 0.0186 = 43.0,

• 145 wells were initially seeded with DNA2 (i.e. green color) since

2312∑
i=1

Eθ̂nIns
M2

[X 2
i ] = 2312 · 0.0628 = 145.2,

• 102 wells were initially seeded with DNA3 (i.e. blue color) since

2312∑
i=1

Eθ̂nIns
M2

[X 3
i ] = 2312 · 0.0443 = 102.4,
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• 309 edges were open for contamination since∑
(i,j)∈I2

Eθ̂nIns
M2

[η(ξij)] = 6744 · 0.0458 = 308.9.

The standard deviations are

• σλ̂1 =
√

2312 · 0.0186(1− 0.0186) = 6.5,

• σλ̂2 =
√

2312 · 0.0628(1− 0.0628) = 11.7,

• σλ̂3 =
√

2312 · 0.0443(1− 0.0443) = 9.9,

• σµ̂ =
√

6744 · 0.0458(1− 0.458) = 17.2.

Combining expectation and standard deviation, we get an interval [308.9−
17.2, 308.9+17.2] ≈ [292, 326]. Let us assume that the number of open edges∑
(i,j)∈I2

ηµ̂(ξij) =: E lies in this interval.

Note that the maximum amount of wells that contain an open edge is

≤ min{2E , nI}. The maximum is reached when all open edges are isolated

from each other. In fact, this is only possible for a certain number of open

edges. There is a limit for which open clusters of size > 2 have to appear

(but ≤ min{2E , nI} still holds).
Taking this information and the above interval, we expect the number of

contaminated wells to be ≤ min{2 ·326, 2312} = 652, i.e. under the assump-

tion that our MSM estimator equals θ0, we expect not more than 28.2% of

the wells to be contaminated (this percentage concerns all contamination

clusters, even those where no component contains DNA or where all compo-

nents were already seeded with the same DNA, i.e. clusters, where the open

edges do not have a contamination e�ect).

As a �nal approach, we create another synthetic experiment with the val-

ues that were the result of the previous estimation, i.e. we choose nI =

2312, nn = 6744, θ0 = (0.0186, 0.0628, 0.0443, 0.0458)T .

We apply our program to estimate θ0 using 200 simulations, 20 optimizations

and µmax = 0.1. The result is shown in Table 8.

We can see that the absolute deviations of θ̂nIns

M2 to θ0 take values up to

20.74% (we expect the estimator for the laboratory experiment to have sim-

ilar deviations).

The MSM estimator is much better than our trivial estimator (assuming

there is no contamination), which has a deviation of 100% from µ0. For

laboratory experiments of e.g. size nI = 300 × 300 = 90000, we expect the
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nI = 2312, nn = 6744

ns nopt µmax θ0 θ̂nIns

M2 dM2

200 20 0.1 0.0186 0.0171 8.06%

0.0628 0.0532 15.29%

0.0443 0.0463 4.51%

0.0458 0.0553 20.74%
Table 8

MSM estimators for a synthetic experiment that was created

based on the MSM estimator and the size of a laboratory

experiment.

maximum deviation to be around 12% (see Table 3) and to keep decreasing

as the experiment size increases.



CHAPTER 7

Summary and outlook

We created a MATLAB program for the method of simulated moments that

delivers estimators for the true DNA concentrations and the contamination

rate in a digital PCR experiment for triangular grids.

For small numbers of cavities nI , we saw that our MSM estimators have

absolute deviations of up to 33% from the (unknown) true values θ0. Our

assumption is that due to random �uctuations and over�tting, we do not �nd

a better estimator for θ0 for small nI (note that our estimator is still much

better than anything achievable with the naked eye or than the trivial esti-

mator with no contamination which has a deviation of 100% from µ0 6= 0).

However, as nI increases, our estimators get closer to θ0 and for nI = 250000,

we saw that the relative deviations were ≤ 2.5%.

We presume that our estimators are strongly consistent for nI → ∞ and a

�xed number of simulations ns, i.e. θ̂
nIns → θ0 almost surely.

The MATLAB program behaves as expected in every way which means it

does not seem to have any bugs.

Our implementation of the MSM �nds good estimators for nI →∞.

Yet, one could try to improve the estimators by modi�cating our algorithm.

The moments we choose for the MSM could be replaced by other moments

that might lead to more accurate estimators for large nI . The weight ma-

trix Ω could also be substituted for another symmetric positive semi-de�nite

matrix.

We have seen in Chapter 4 that there are di�erent models to consider for

the contamination process. The reason for contamination during the PCR

(imperfect sealing by the glass cover) suggests that an implementation of

an algorithm where the edges are represented by locally correlated random

variables could also improve the estimators.

Apart from the MSM algorithm, we have seen that the algorithm for the

recognition of the grid and colors does not always work properly when the

experiment image shows an imperfect triangular grid or is of bad quality.

Note that if the recognition of the grid works perfectly, the assignment of

the colors is perfect, too. Therefore, another suggestion for improvement

59
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is to �nd a better method to recognize the grid points that works even for

non-perfect triangular grids.



APPENDIX A

Matlab Code I: Recognition of the grid and spots

The following functions are shown in the order they are called in the program

structure.

1 func t i on automat i c_gr id_f i t t ing_perspec t ive_c l i ck ( co l_thresho ld )

2 % AUTOMATIC_GRID_FITTING_PERSPECTIVE_CLICK ana ly s e s the image chosen ...
by the

3 % user by c a l l i n g the func t i on s :

4 % detect_centro ids .m ,

5 % errorFunct ionProject iveNew.m ,

6 % compute_transformed_grid_points_perspective.m ,

7 % grid_cropping.m.

8 % These d e l i v e r the shape , s i z e and coo rd ina t e s o f the g r id we work wi th .

9 % From color_to_matrix.m i t ge t s the va r i ab l e experiment_matrix , which

10 % s t o r e s in fo rmat ion about the area o f i n t e r e s t ( i e which g r id po in t s w i l l

11 % be part o f our c a l c u l a t i o n s ) and t e l l s us whether a we l l i s empty or

12 % f i l l e d with e i t h e r R, G or B.

13 % The r e s u l t s are v i z u a l i z e d and the user has to choose i f the c a l cu l a t ed

14 % gr id i s good enough. I f so , the func t i on saves these v a r i a b l e s in

15 % f i l ename.mat : experiment_matrix , shape . These can be c a l l e d from

16 % msm.m to s t a r t the s imu la t i on s and e s t ima t i o n s .

17 %

18 % EXPLANATION OF VARIABLES

19 %

20 % co l_thresho ld Threshold f o r r e c o gn i t i on o f c o l o r s ( only used in

21 % color_to_matrix )

22 % f i l ename Name o f the data s e t image

23 % outputsugges t ion Defau l t name o f the output f i l e

24 % outputname Name o f the output chosen by user

25 % I_or i g i na l Three matr i ce s conta in ing RGB data with the

26 % corresponding coo rd ina t e s in the image. The f i r s t

27 % entry o f Image ( I_o r i g i na l ) g i v e s the value o f the

28 % Y- axis , the second value g i v e s the X- va l u e .

29 % Therefore , we switch X and Y in Image ( I_o r i g i na l )

30 % => RGB value f o r us = (Y,X, : )

31 % Xmax Maximum p i x e l va lue o f X- ax i s o f image

32 % Ymax Maximum p i x e l va lue o f Y- ax i s o f image

33 % x x coo rd ina t e s o f the two po in t s c l i c k e d by user

34 % y y coo rd ina t e s o f the two po in t s c l i c k e d by user

35 % r Approximate d i s t ance between the r e f e r e n c e po int

36 % and one o f i t s n e i ghbo r s . I n i t i a l va lue : determined

37 % by Eucl idean d i s t ance between f i r s t and second

38 % c l i c k s

39 % xg0 Reference point , X coord inate o f f i r s t po int that

40 % was c l i c k e d on

41 % yg0 Reference point , Y coord inate o f f i r s t po int that

61
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42 % was c l i c k e d on

43 % alpha Rotation o f image around r e f e r e n c e po int

44 % c Parameter o f normal i za t i on

45 % cen t r o i d s Coordinates o f a l l RGB cen t r o i d s found in the image

46 % nrows Number o f rows

47 % nco l s Number o f columns

48 % cho i c e User ' s cho i c e whether the program should continue ,

49 % r e s t a r t or stop

50 % choice_2 User ' s cho i c e whether an output f i l e should be

51 % created or not

52 %

53 % Fe l i x Beck , Maja Temerinac - Ott , Bence Melykuti ( Un ive r s i ty o f ...
Freiburg , Germany)

54 % 16/7/2015

55

56

57 i f narg in == 0 % I f no input was given , s e t co l_thresho ld to d e f au l t va lue

58 co l_thresho ld =40;

59 end

60

61 f i l ename=input ( 'Enter f i l ename : ' , ' s ' ) ;

62 I_o r i g i na l = imread ( f i l ename ) ;

63

64 dots=s t r f i n d ( f i l ename , ' . ' ) ; % Find the dot in the f i l ename

65 i f l ength ( dots )>0

66 outputsugges t ion=f i l ename ( 1 :max( dots ) -1) ;

67 e l s e

68 outputsugges t ion=f i l ename ;

69 end

70 outputname=input ( s p r i n t f ( 'Enter f i l ename f o r output ( or p r e s s Return ...
f o r the d e f au l t %s.mat ) : ' , outputsugges t ion ) , ' s ' ) ;

71

72

73 whi le (1 ) % I f user dec ide s that the s imulated g r id i s not good enough , ...
the program repea t s t h i s loop un t i l the user wishes to cont inue

74

75 [Ymax,Xmax] = s i z e ( I_o r i g i na l ( : , : , 1 ) ) ;

76

77 % Let user c l i c k on two neighbor c en t e r s

78 f i g u r e ; imshow ( uint8 ( I_o r i g i na l ) ) ; t i t l e ( ' Cl ick the c en t e r s o f two ...
ne ighbor ing spot s ( zoom in i f nece s sa ry ) . Press Return when ...
f i n i s h e d . ' )

79

80 % Use the func t i on ginputc to c l i c k the c en t e r s o f two ne i ghbo r s .

81 % ginputc behaves s im i l a r l y to ginput , except you can customize ...
the cur so r

82 % co lor , l i n e width , and l i n e s t y l e .

83 [ x , y ] = ginputc ( 'Color ' , 'w ' ) ; % Cl i ck c en t e r s o f two ne ighbors to ...
get ( approximately ) the d i s t ance between two spot c en t e r s

84 c l o s e ( gc f )

85

86 % We use 8 parameters to opt imize the g r id

87 r = norm ( [ x (1 ) , y (1 ) ] - [ x (2 ) , y (2 ) ] ) ;

88 r=[ r r ] ;

89

90 % Reference po int ( o r i g i n )

91 % In t e r v a l : must be in the image
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92 % I n i t i a l va lue : determined by f i r s t c l i c k

93 xg0 = x (1) ;

94 yg0 = y (1) ;

95

96 lbxg = max(0 .5 , xg0 -0 . 5 * r (1 ) ) ; % Lower bound xg

97 ubxg = min (Xmax+0.5 , xg0+0. 5 * r (1 ) ) ; % Upper bound xg

98

99 lbyg = max(0 .5 , yg0 -0 . 5 * r (2 ) ) ; % Lower bound yg

100 ubyg = min (Ymax+0.5 , yg0+0. 5 * r (2 ) ) ; % Upper bound yg

101

102 % Rotation o f image around r e f e r e n c e po int

103 % In t e r v a l : ( - p i /2 , p i /2 ]

104 % I n i t i a l va lue : g rad i ent o f the f i r s t two c l i c k s

105 i f x (2 ) -x (1 ) ~=0

106 alpha=atan ( ( y (2 ) -y (1 ) ) /(x (2 ) -x (1 ) ) ) ;

107 e l s e

108 alpha=pi /2 ;

109 end

110

111 alpha=[ alpha alpha ] ; % We al low d i f f e r e n t r o t a t i on f o r the two ...
canon i ca l un i t v e c to r s (1 , 0 ) , ( 0 , 1 ) but i n i t i a l i z e them as equal

112

113 % Normal izat ion

114 % In t e r v a l : ( - In f , I n f )

115 % I n i t i a l va lue : [ 0 0 ]

116 c=[1e -6 1e - 6 ] ;

117

118 % Set t ing o f the e i gh t parameters :

119 par=[r , alpha , c , xg0 , yg0 ] ; % The opt imiza t i on must run on a l l the se ...
8 parameters

120 lb = [0 . 5 * r (1 ) ,0 . 5 * r (2 ) , - p i /2 , - p i /2 , - in f , - i n f , lbxg , lbyg ] ; % Lower bound

121 ub = [2* r (1 ) ,2* r (2 ) , p i /2 , p i /2 , in f , i n f , ubxg , ubyg ] ; % Upper bound

122

123 % Detect spot s f o r a l l c o l o r s

124 centro idsRed = detec t_cent ro ids ( I_or ig ina l , 1 , ' red , yel low , ...
magenta and white ' , r (1 ) ) ;

125 centro idsGreen = detec t_cent ro ids ( I_or ig ina l , 2 , ' green , yel low , ...
cyan and white ' , r (1 ) ) ;

126 cent ro id sB lue = detec t_cent ro ids ( I_or ig ina l , 3 , ' blue , magenta , ...
cyan and white ' , r (1 ) ) ;

127

128 c en t r o i d s = [ centro idsRed ; centro idsGreen ; c ent ro id sB lue ] ; % Al l ...
coo rd ina t e s o f a l l RGB cen t r o i d s

129

130 % Set opt ions f o r l s qnon l i n opt imation

131 % opt ions=optimset ( 'TolFun ' , 1e - 14 , 'TolX ' , 1e -18 , 'MaxFunEvals ' , ...
3000 , 'MaxIter ' , 3000 , 'Algorithm ' , ' l evenberg - marquardt ' ) ;

132 opt ions=optimset ( 'TolFun ' ,1 e -14 , 'TolX ' ,1 e - 18 ) ;

133

134 % Parameter opt imiza t i on

135 % t i c % For t e s t i n g

136 [ params_automatic , resnorm ] = l s qnon l i n (@( params ) ...
errorFunct ionProject iveNew ( cent ro id s , params , Ymax, Xmax) , ...
par , lb , ub , opt ions ) ;

137 % toc

138 % disp ( s p r i n t f ( ' Res idual norm : %f ' , resnorm ) ) % For t e s t i n g

139
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140 % Calcu la te transformed_grid_points with new , opt imized parameters

141 [ ~ , transformed_grid_matrix ] = ...
compute_transformed_grid_points_perspective ( params_automatic , ...
Ymax, Xmax) ;

142

143 % Crop the grid_matrix so that only the e n t r i e s that l i e i n s i d e ...
the l im i t s

144 % of the image remain

145 [ transformed_grid_matrix , shape ] = grid_cropping ...
(Xmax,Ymax, transformed_grid_matrix , c en t r o i d s ) ;

146

147 % Create four matr i ce s : F i r s t matrix f o r area o f i n t e r e s t ( i e i f ...
the g r id

148 % point l i e s with in the image boundaries , cor re sponding area o f ...
i n t e r e s t

149 % entry=1 and the g r id po int w i l l be part o f our c a l c u l a t i o n s ) . ...
Remaining

150 % three matr i ce s r ep r e s en t the c o l o r s o f the data s e t : Three ...
matr i ce s with

151 % ones where there i s a R/G/B spot at the coo rd ina t e s o f the g r id ...
and ze ro s

152 % othe rw i s e .

153 experiment_matrix=color_to_matrix ( transformed_grid_matrix , ...
I_or ig ina l , co l_thresho ld ) ;

154

155

156 % Plot o r i g i n a l image , the c reated g r id and the spotted c en t r o i d s

157 f i g u r e

158 image ( u int8 ( I_o r i g i na l ) )

159 hold on

160 t i t l e ( ' Calcu lated g r id a f t e r automatic f i t t i n g ' )

161 p lo t ( c en t r o i d s ( : , 1 ) , c en t r o i d s ( : , 2 ) , 'k* ' )

162 p lo t ( transformed_grid_matrix ( : , : , 2 ) , ...
transformed_grid_matrix ( : , : , 3 ) , 'w. ' )

163 hold o f f

164

165

166

167 nrows=s i z e ( experiment_matrix , 1 ) ;

168 nco l s=s i z e ( experiment_matrix , 2 ) ;

169

170 hexa ( nrows , nco ls , experiment_matrix , I_or ig ina l , shape , 1 ) ; % Plot ...
o r i g i n a l image and recogn i z ed g r id with c o l o r s to check i f f i t ...
i s good enough f o r user ' s needs

171 cho i c e = menu({ ' Please compare the o r i g i n a l image to the ext rac t ed ...
data and dec ide i f they match. ' , 'How would you l i k e to ...
proceed ? ' } , ' Save ' , 'Try again ' , ' Exit ' ) ;

172 c l o s e a l l ; % Close a l l f i g u r e s

173

174 i f cho i c e==1 | | cho i c e==3 % Continue with program ( i . e . e x i t ...
whi le (1 ) loop )

175 break

176 end

177 % I f cho i c e==2, s t a r t g r id f i t t i n g again

178 end

179

180 i f cho i c e==3 % I f user dec ided to stop the proogram , cont inue here
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181 d i sp ( 'The program was terminated by the u s e r . ' )

182 e l s e % I f cho i c e==1

183 i f l ength ( outputname )==0 % I f user dec ide s to use the d e f au l t name ...
outputsugges t ion

184 choice_2 = menu ( [ 'Are you sure you want to save the f i l e ' , ...
outputsuggest ion , ' .mat ? ' ] , 'Yes ' , 'No ' ) ; % Check i f the ...
user would l i k e to save the f i l e

185 i f choice_2==1

186 save ( s p r i n t f ( '%s.mat ' , outputsugges t ion ) , ...
' experiment_matrix ' , ' shape ' )

187 d i sp ( [ 'The f i l e ' , outputsuggest ion , ' .mat was c reated ...
s u c c e s s f u l l y . ' ] )

188 e l s e % User dec ide s not to save the f i l e

189 d i sp ( 'No f i l e was c r e a t ed . ' )

190 end

191 e l s e % outputname chosen by the user

192 choice_2 = menu ( [ 'Are you sure you want to save the f i l e ' , ...
outputname , ' ? ' ] , 'Yes ' , 'No ' ) ; % Check i f the user would ...
l i k e to save the .mat f i l e

193 i f choice_2==1

194 save ( s p r i n t f ( '%s ' , outputname ) , ' experiment_matrix ' , ' shape ' )

195 d i sp ( [ 'The f i l e ' , outputname , ' was created s u c c e s s f u l l y . ' ] )

196 e l s e % User dec ide s not to save the f i l e

197 d i sp ( 'No f i l e was c r e a t ed . ' )

198 end

199 end

200 end

201

202 end
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1 func t i on c en t r o i d s = detec t_cent ro ids ( I_or ig ina l , j , ColorName , r )

2 % DETECT_CENTROIDS de t e c t s the coo rd ina t e s o f the c en t e r s o f the spot s that

3 % are R,G or B. The coo rd ina t e s are saved in c en t r o i d s and v i s u a l i z e d . The

4 % user can add c en t r o i d s that were not detected to improve the f i t t i n g o f

5 % the g r i d . The adding o f new cen t r o i d s i s done by c a l l i n g the func t i on

6 % g input c . This func t i on behaves s im i l a r l y to ginput , except you can

7 % customize the cur so r co lo r , l i n e width , and l i n e s t y l e .

8 %

9 %

10 % EXPLANATION OF VARIABLES

11 %

12 % l e v e l Global th r e sho ld ( l e v e l ) that can be used to

13 % convert an i n t e n s i t y image to a binary image with ...
im2bw.

14 % l e v e l i s a normal ized i n t e n s i t y value that l i e s in the

15 % range [ 0 , 1 ] .

16 % j Index o f the c o l o r the func t i on runs f o r

17 % BW Binary image o f I_Orig ina l ( : , : , j )

18 % r Approximate d i s t ance between the c en t e r s o f two

19 % ne ighbors

20 % P Half o f the su r f a c e area o f a hexagon ( with a l l s i d e s

21 % equal ) with rad ius 1/2* r

22 % OriginalBW Binary image where a l l connected components

23 % ( ob j e c t s ) that have fewer than P p i x e l s are removed

24 % se St ruc tu r ing element , SE , o f the type d i sk ( a

25 % f l a t , disk - shaped s t r u c tu r i n g element , where 1

26 % s p e c i f i e s the rad ius ) .

27 % erodeBW Eroded ve r s i on o f the image originalBW

28 % closeBW Morpholog ica l c l o s i n g on the g r ay s ca l e or binary image

29 % erodeBW

30 % dilateBW Di l a t i on o f closeBW

31 % s Centro ids o f each e l l i p s e

32 % s2 Shor te s t ax i s o f each e l l i p s e

33 % s3 Longest ax i s o f each e l l i p s e

34 % s4 Sca la r that s p e c i f i e s the ang le between the

35 % x - ax i s and the major ax i s o f the e l l i p s e

36 % MajorAxisLength ( . , 1 ) - vec to r MajorAxisLength that i n c l ude s every length

37 % median_diameter Median o f MajorAxisLength

38 % cen t r o i d s Vector conta in ing a l l the c en t r o i d s detected

39 % ColorName Name o f cur rent c o l o r s

40 % I_or i g i na l Three matr i ce s conta in ing RGB data with the

41 % correspond ing coo rd ina t e s in the image.

42 % cen t r o i d s Coordinates o f a l l RGB cen t r o i d s found in the image

43 %

44 %

45 % Fe l i x Beck , Maja Temerinac - Ott , Bence Melykuti ( Un ive r s i ty o f ...
Freiburg , Germany)

46 % 16/7/2015

47

48

49

50

51 % Output o f t h i s func t i on : c en t r o i d s ( : , 1 : 2 ) => (x , y ) - coo rd ina t e s o f the

52 % cen t r o i d s

53

54 l e v e l = graythresh ( I_o r i g i na l ( : , : , j ) ) ;

55
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56 BW = im2bw( I_o r i g i na l ( : , : , j ) , l e v e l ) ;

57

58 % Now we c a l c u l a t e the area A of a hexagon with outer rad iu s 1/2* r and ...
remove

59 % a l l the connected components from a binary image that have fewer p i x e l s

60 % than 1/2*A. In p r a c t i c e t h i s means removing a l l s i g n a l s which are not

61 % strong enough.

62 P = c e i l (1/2*3/2*(1/2* r ) ^2* s q r t (3 ) ) ;

63 originalBW = bwareaopen (BW, P) ;

64

65 se = s t r e l ( ' d i sk ' , 1 ) ;

66

67 erodeBW = imerode ( originalBW , se ) ;

68 closeBW = imclose (erodeBW , se ) ;

69 dilateBW = imd i l a t e ( closeBW , se ) ;

70

71 BW = dilateBW ;

72

73 % Calcu la te c en t e r s

74 s = reg ionprops (BW, ' c en t ro id ' ) ;

75 s2 = reg ionprops (BW, 'MinorAxisLength ' ) ;

76 s3 = reg ionprops (BW, 'MajorAxisLength ' ) ;

77 s4 = reg ionprops (BW, ' Orientat ion ' ) ;

78

79

80 MajorAxisLength = cat (1 , s3.MajorAxisLength ) ; % Generate ( . , 1 ) - vec to r ...
MajorAxisLength that i n c l ude s every l ength

81

82 median_diameter = median (MajorAxisLength ) ;

83 f o r i =1: s i z e ( s , 1 ) % For each e l l i p s e

84 i f ( abs (MajorAxisLength ( i ) -median_diameter )>median_diameter /3) % I f ...
e l l i p s e i s too big ( e . g . when two ne ighbors are connected ) , i gnore

85 s ( i ) .Cent ro id ( : ) = [ ] ;

86 s2 ( i ) .MinorAxisLength = [ ] ;

87 s3 ( i ) .MajorAxisLength = [ ] ;

88 s4 ( i ) .O r i en t a t i on = [ ] ;

89 end

90 end

91

92 c en t r o i d s = cat (1 , s .Cent ro id ) ;

93

94 % Show cen t r o i d s that were detected

95 s t r 1 =[ 'You can add any miss ing ' num2str (ColorName ) ' spot s by marking ...
t h e i r c e n t e r s . Press Return when done. ' ] ;

96 f i g u r e ; imshow( uint8 ( I_o r i g i na l ) ) ; t i t l e ( s t r 1 )

97 hold on

98 i f s i z e ( c ent ro id s , 1 )>0 % I f any c en t r o i d s in the cur rent c o l o r were ...
detected

99 p lo t ( c en t r o i d s ( : , 1 ) , c en t r o i d s ( : , 2 ) , 'k* ' )

100 p lo t ( c en t r o i d s ( : , 1 ) , c en t r o i d s ( : , 2 ) , 'wo ' )

101 end

102 hold o f f

103

104 % Add miss ing c en t r o i d s

105 [ t , u ] = ginputc ( 'Color ' , 'w ' ) ; % Gathering an unl imited number o f ...
po in t s un t i l you pre s s the Return key .
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106 c en t r o i d s = [ c en t r o i d s ; [ t , u ] ] ; % Add s e l e c t e d c en t r o i d s to e x i s t i n g ...
c en t r o i d s

107 c l o s e ( gc f ) % Close image

108

109 end
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1 func t i on d i s t = errorFunct ionProject iveNew ( cent ro id s , params , Ymax, Xmax)

2 % ERRORFUNCTIONPROJECTIVENEW.m uses the func t i on kdtree to c r ea t e a kd - t r e e

3 % and f i nd s the c l o s e s t g r id po in t s f o r a l l c en t r o i d s found in the ...
image by

4 % c a l l i n g the func t i on s kdtree and kd t r e e_c l o s e s t po i n t . The d i s t ance

5 % between these c en t r o i d s and the g r id po in t s i s to be minimized.

6 %

7 %

8 % EXPLANATION OF VARIABLES

9 %

10 % params 8 parameters that need to be opt imized

11 % Xmax Maximum p i x e l va lue o f X- ax i s o f image

12 % Ymax Maximum p i x e l va lue o f Y- ax i s o f image

13 % t r e e kd - t r e e based on gr id po in t s

14 % c l o s e s t_po in t s Coordinates o f the c l o s e s t g r id po int f o r each ...
c en t ro id

15 % cen t r o i d s Coordinates o f a l l RGB cen t r o i d s found in the image

16 % d i s t Dis tances between gr id po in t s and c e n t r o i d s . d i s t i s

17 % the ob j e c t i v e func t i on f o r the opt imiza t i on

18 %

19 %

20 % Fe l i x Beck , Maja Temerinac - Ott , Bence Melykuti ( Un ive r s i ty o f ...
Freiburg , Germany)

21 % 16/7/2015

22

23

24 transformed_grid_points = ...
compute_transformed_grid_points_perspective ( params , Ymax, Xmax) ;

25

26 % Find the c l o s e s t po int to each gr id po int

27 t r e e = kdtree ( transformed_grid_points ) ;

28 % For each centro id , f i nd the c l o s e s t g r id po int and save the ...
coo rd ina t e s o f

29 % that po int :

30 c l o s e s t_po in t s=transformed_grid_points ( kd t r e e_c l o s e s tpo in t ( t ree , ...
c en t r o i d s ) , : ) ;

31 % Minimize d i s t ance between coo rd ina t e s o f g r id and c en t r o i d s

32 % to get the best g r id p o s s i b l e

33 d i s t =[ c l o s e s t_po in t s ( : , 1 ) - c en t r o i d s ( : , 1 ) ; ...
c l o s e s t_po in t s ( : , 2 ) - c en t r o i d s ( : , 2 ) ] ;

34 % Note that the output i s a vec to r s p e c i f i c a l l y f o r the l s qnon l i n ...
op t im i z e r .

35 % Optional ly , to use another opt imizer , i n d i v i d u a l l y square the

36 % coo rd ina t e s and sum :

37 % d i s t = sum( ( c l o s e s t_po in t s ( : , 1 ) - c en t r o i d s ( : , 1 ) ) . ^2 + ...
( c l o s e s t_po in t s ( : , 2 ) - c en t r o i d s ( : , 2 ) ) . ^2) ;

38

39 end
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1 func t i on [ transformed_grid_points , transformed_grid_matrix ] = ...
compute_transformed_grid_points_perspective ( par , Ymax, Xmax)

2 % COMPUTE_TRANSFORMED_GRID_POINTS_PERSPECTIVE.m c r e a t e s the c en t e r s o f

3 % the spot s in the g r i d . By app l i c a t i n g the opt imized 8 parameters , the

4 % gr id po in t s are ad ju s t ed .

5 %

6 %

7 % EXPLANATION OF VARIABLES

8 %

9 % par 8 parameters that need to be opt imized

10 % [ r , alpha , c , xg , yg ] S p l i t t i n g up o f par

11 % L Number o f dots ( g iven r ) on the d iagona l ...
o f the

12 % image

13 % Xmax Maximum p i x e l va lue o f X- ax i s o f image

14 % Ymax Maximum p i x e l va lue o f Y- ax i s o f image

15 % grid_rows Number o f rows o f meshgrid ( compare output o f

16 % [X,Y]=meshgrid ( . . . ) )

17 % gr id_co l s Number o f columns

18 % gr id_points Grid po in t s a f t e r s h i f t i n g

19 % transformed_grid_points Grid po in t s a f t e r apply ing the parameters f o r

20 % trans fo rmat ion

21 % transformed_grid_matrix Matrix o f s i z e ( grid_rows , gr id_cols , 3 ) . ( : , : , 1 )

22 % i s f o r area o f i n t e r e s t ( i n i t i a l l y 1) ,

23 % ( : , : , 2 : 3 ) are x and y va lues o f the g r id

24 %

25 % Informat ion about output :

26 % transformed_grid_points i s used in errorFunct ionProject iveNew

27 % transformed_grid_matrix i s used in ...
automat i c_gr id_f i t t ing_perspec t ive_c l i ck

28 %

29 % Fe l i x Beck , Maja Temerinac - Ott , Bence Melykuti ( Un ive r s i ty o f ...
Freiburg , Germany)

30 % 16/7/2015

31

32

33 % Sp l i t t i n g up the parameters in to d i f f e r e n t v a r i a b l e s

34 r=par ( 1 : 2 ) ;

35 alpha=par ( 3 : 4 ) ;

36 c=par ( 5 : 6 ) ;

37 xg=par (7 ) ;

38 yg=par (8 ) ;

39

40 % Def ine the g r id ; i t s po int are o r i g i n a l l y spaced by one uni t

41 extra =2; % Depth o f extra dots around the parameter we probably do not need

42 L = sq r t (Ymax^2+Xmax^2)/ r (1 ) ; % Maximal l ength ( d iagona l d iv ided by ...
d i s t ance => number o f dots on the d iagona l )

43 [X, Y] = meshgrid ( ( - c e i l (L) - ext ra ) : ( c e i l (L)+extra ) , ...
( - c e i l (2/ sq r t (3 ) *L) - extra ) : ( c e i l (2/ sq r t (3 ) *L)+extra ) ) ; % 2/ sq r t (3 ) ...
e tc i s chosen because we v i s u a l i z e with hexagons

44 Y=sqr t (3 ) /2*Y; % Adjust ing to y ax i s d i s t ance in hexagon gr id with a l l ...
s i d e s equal

45

46 % S iz e o f meshgrid :

47 grid_rows=s i z e (X, 1 ) ;

48 gr id_co l s=s i z e (X, 2 ) ;

49
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50 % Moving every even/odd row to get a hexagon shape . Making sure the o r i g i n

51 % stays part o f the g r id and o r i g i n a l shape==0

52 i f (mod( s i z e (X, 1 ) ,4 )==1) % Orig in i s ( odd , xxx ) , even rows must move

53 X(2 : 2:end , : ) = X(2 : 2:end , : ) -0 . 5 ;

54 e l s e % i e . mod( s i z e (X, 1 ) ,4 )==3, o r i g i n i s ( even , xxx ) , odd rows must move

55 X(1 : 2:end , : ) = X(1 : 2:end , : )+0. 5 ;

56 end

57

58

59 gr id_points = [X( : ) ,Y( : ) ] ; % Sh i f t ed g r id po in t s

60

61 % Rotation :

62 a=ze ro s (3 , 1 ) ; b=ze ro s (3 , 1 ) ;

63 a ( 1 : 2 ) =[ r (1 ) * cos ( alpha (1) ) - r (2 ) * s i n ( alpha (2) ) ] ;

64 b ( 1 : 2 ) =[ r (1 ) * s i n ( alpha (1) ) r (2 ) * cos ( alpha (2) ) ] ;

65 a (3 )=xg ; b (3 )=yg ;

66

67 transformed_grid_points=l i n f r a c_ t r an s l a t e d ( gr id_points , a , b , c ) ;

68

69 transformed_grid_matrix ( : , : , 1 )=ones ( grid_rows , g r id_co l s ) ;

70 transformed_grid_matrix ( : , : , 2 )=reshape ( transformed_grid_points ( : , 1 ) , ...
[ grid_rows , g r id_co l s ] ) ;

71 transformed_grid_matrix ( : , : , 3 )=reshape ( transformed_grid_points ( : , 2 ) , ...
[ grid_rows , g r id_co l s ] ) ;

72

73 end

74

75 func t i on X_tr = l i n f r a c_ t r an s l a t e d (X, a , b , c ) % Calcu la te transformed ...
g r id po in t s with r o t a t i on and parameters

76 X_tr=[( a (1 ) *X( : , 1 )+a (2) *X( : , 2 ) ) . /( c (1 ) *X( : , 1 )+c (2) *X( : , 2 ) +1)+a (3) , ...
(b (1 ) *X( : , 1 )+b (2) *X( : , 2 ) ) . /( c (1 ) *X( : , 1 )+c (2) *X( : , 2 ) +1)+b (3) ] ;

77 end
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1 func t i on [ transformed_grid_matrix , shape ] = grid_cropping ...
(Xmax,Ymax, transformed_grid_matrix , c en t r o i d s )

2 % GRID_CROPPING de l e t e s rows and columns o f transformed_grid_matrix which

3 % are complete ly out s ide o f the image. Grid po in t s out s ide the image might

4 % s t i l l remain , but t h e i r i n d i c a t o r s ( f i r s t coord inate in

5 % transformed_grid_matrix ) w i l l be s e t to zero in color_to_matrix.

6 % transformed_grid_matrix i s ove rwr i t t en by the cropped ve r s i on which ...
i s an

7 % output o f t h i s f u n c t i o n . The shape o f the c reated g r id i s saved in shape .

8 %

9 %

10 % EXPLANATION OF VARIABLES

11 %

12 % Xmax Maximum p i x e l va lue o f X- ax i s o f image

13 % Ymax Maximum p i x e l va lue o f Y- ax i s o f image

14 % transformed_grid_matrix Matrix o f s i z e ( grid_rows , gr id_cols , 3 ) . ( : , : , 1 )

15 % i s f o r area o f i n t e r e s t ( i n i t i a l l y 1) ,

16 % ( : , : , 2 : 3 ) are x and y va lues o f the g r id

17 % f i r s t r ow Number o f the f i r s t row a f t e r cropping the

18 % g r i d .

19 % del_col Columns that have to be de l e t ed from

20 % transformed_grid_matrix

21 % del_row Rows that have to be de l e t ed from

22 % Transformed_grid_matrix

23 % shape Shape o f the g r id ( determined by checking i f

24 % f i r s t r ow i s odd or even . ) f o r more in format ion

25 % see msm.m.

26 %

27 % Fe l i x Beck , Maja Temerinac - Ott , Bence Melykuti ( Un ive r s i ty o f ...
Freiburg , Germany)

28 % 16/7/2015

29

30

31 f o r i =1: s i z e ( transformed_grid_matrix , 1 ) % For a l l rows

32 temp=transformed_grid_matrix ( i , : , 3 ) ;

33

34 % y - va lues o f row i that are out s ide I_o r i g i na l

35 check=f ind ( temp>=0.5 & temp<Ymax+0.5 ) ; % Find a l l y - va lues o f row ...
i that are i n s i d e I_o r i g i na l

36 i f l ength ( check )==0

37 transformed_grid_matrix ( i , : , 1 ) =0; % I f a l l e n t r i e s are out s ide ...
I_or ig ina l , grid_matrix row i ge t s value 0

38 e l s e % I f at l e a s t one y - value in the row l i e s i n s i d e I_o r i g i na l : ...
I f none o f the corresponding x - va lues in the row l i e s i n s i d e ...
I_or ig ina l , grid_matrix row i ge t s value 0

39 i f max( transformed_grid_matrix ( i , check , 2 )>=0.5 & ...
transformed_grid_matrix ( i , check , 2 )<Xmax+0.5 )==0

40 transformed_grid_matrix ( i , : , 1 ) =0;

41 end

42

43 end

44 end

45

46 % Use analogue technique f o r a l l columns

47 f o r j =1: s i z e ( transformed_grid_matrix , 2 )

48 temp_2=transformed_grid_matrix ( : , j , 2 ) ;

49
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50 check=f ind (temp_2>=0.5 & temp_2<Xmax+0.5 ) ; % Find a l l x - va lues o f ...
column j that are i n s i d e I_o r i g i na l

51 i f l ength ( check )==0

52 transformed_grid_matrix ( : , j , 1 ) =0; % I f a l l e n t r i e s are out s ide ...
I_or ig ina l , grid_matrix column j ge t s value 0

53 e l s e % I f at l e a s t one x - value in the column l i e s i n s i d e ...
I_o r i g i na l : I f none o f the corresponding y - va lues in the ...
column l i e s i n s i d e I_or ig ina l , grid_matrix column j ge t s value 0

54 i f max( transformed_grid_matrix ( check , j , 3 )>=0.5 & ...
transformed_grid_matrix ( check , j , 3 )<Ymax+0.5 )==0

55 transformed_grid_matrix ( : , j , 1 ) =0;

56 end

57 end

58 end

59

60

61 % Determine , which row number o f transformed_grid_matrix i s the f i r s t ...
row that i s s t i l l in the image.

62 f i r s t r ow =0;

63 i =1;

64 whi le f i r s t r ow==0

65 i f l ength ( f i nd ( transformed_grid_matrix ( i , : , 1 )==1))>0

66 f i r s t r ow=i ;

67 end

68 i=i +1;

69 end

70

71 % Determine shape by checking i f f i r s t r ow i s odd or even

72 i f mod( f i r s t r ow , 2 )==0 % even => shape ==1

73 shape=1;

74 e l s e

75 shape=0;

76 end

77

78

79 % We get our cropped matrix by determining a l l the e n t r i e s that are 0

80 del_col = [ ] ;

81 f o r j =1: s i z e ( transformed_grid_matrix , 2 ) % Delete columns

82 i f max( transformed_grid_matrix ( : , j , 1 ) )==0 % i f a l l column en t r i e s ...
are 0

83 del_col=[ del_col , j ] ;

84 end

85 end

86 transformed_grid_matrix ( : , del_col , : ) = [ ] ;

87

88 del_row = [ ] ;

89 f o r i =1: s i z e ( transformed_grid_matrix , 1 ) % Delete rows

90 i f max( transformed_grid_matrix ( i , : , 1 ) )==0 % i f a l l row e n t r i e s are 0

91 del_row=[del_row , i ] ;

92 end

93 end

94 transformed_grid_matrix ( del_row , : , : ) = [ ] ;

95

96

97 %V i sua l i z i n g the cropped gr id

98 % f i g u r e

99 % p lo t ( c en t r o i d s ( : , 1 ) , c en t r o i d s ( : , 2 ) , ' k * ' )
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100 % hold on

101 % t i t l e ( ' Image boundar ies with c en t r o i d s and f i t t e d gr id ' )

102 % l i n e ( [ 0 , 0 ] , [ 0 ,Ymax] , ' l inewidth ' , 2 , ' co lo r ' , ' k ' )

103 % l i n e ( [ 0 ,Xmax ] , [Ymax,Ymax] , ' l inewidth ' , 2 , ' co lo r ' , ' k ' )

104 % l i n e ( [Xmax,Xmax ] , [Ymax, 0 ] , ' l inewidth ' , 2 , ' co lo r ' , ' k ' )

105 % l i n e ( [Xmax, 0 ] , [ 0 , 0 ] , ' l inewidth ' , 2 , ' co lo r ' , ' k ' )

106 % p lo t ( transformed_grid_matrix ( : , : , 2 ) , transformed_grid_matrix ( : , : , 3 ) , ' b. ' )

107 % se t ( gca , 'YDir ' , ' r eve r se ' )

108 % se t ( gca , ' XAxisLocation ' , ' top ' )

109 % hold o f f

110

111

112 end
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1 func t i on experiment_matrix = color_to_matrix ...
( grid_matrix , I_or ig ina l , co l_thresho ld )

2 % COLOR_TO_MATRIX reads out the c o l o r o f I_o r i g i na l at the l o c a t i o n s s to r ed

3 % in gr id_matr ix . A matrix experiment_matrix which c o n s i s t s o f f our ...
matr i ce s

4 % with the s i z e o f the g r id i s c r e a t e d . The f i r s t matrix i s an ...
i nd i ca to r , i t

5 % r ep r e s en t s the area o f i n t e r e s t ( i e which g r id po in t s w i l l be part ...
o f our

6 % c a l c u l a t i o n s ) , the remaining three matr i ce s s t o r e the RGB ...
in fo rmat ion o f

7 % the data s e t . E .g . i f red c o l o r i s detec ted at g r id po int ( i , j ) ,

8 % experiment_matrix ( i , j , 2 ) =1, 0 o th e rw i s e .

9 %

10 %

11 % EXPLANATION OF VARIABLES

12 %

13 % [Ymax,Xmax] P ixe l l im i t s o f o r i g i n a l image ( see

14 % automat ic_gr id_f i t t ing_perspect ive_c l i ck .m )

15 % I_or i g i na l Three matr i ce s conta in ing RGB data with the

16 % corresponding coo rd ina t e s in the image. The

17 % f i r s t entry o f Image ( I_o r i g i na l ) g i v e s the

18 % value o f the Y- axis , the second value ...
g i v e s the

19 % X- va l u e . Therefore , we switch X and Y in

20 % Image ( I_o r i g i na l )

21 % => RGB value f o r us = (Y,X, : )

22 % experiment_matrix Cons i s t s o f f our d i f f e r e n t 2 - d imens iona l

23 % matr i ce s with the column and row s i z e o f the

24 % data s e t g r i d . The second , th i rd and four th

25 % matrix r ep r e s en t R, G and B. Whenever a spot

26 % has a co lor , the cor respond ing matrix ...
entry i s

27 % se t to 1 . Whenever there i s no c o l o r in the

28 % spot , the matrix entry remains 0 . The f i r s t

29 % matrix i n d i c a t e s the ' area o f i n t e r e s t '

30 % ( i n i t i a l l y a l l the e n t r i e s are 1) . E .g . i t can

31 % happen that some part s o f a column or row are

32 % not with in the l im i t s o f our o r i g i n a l ...
image. I f

33 % that happens , the correspond ing area o f

34 % i n t e r e s t matrix entry i s s e t to 0 . Whenever

35 % there i s a 0 entry in the area o f i n t e r e s t

36 % matrix , the corresponding R/G/B matrix e n t r i e s

37 % w i l l be ignored f o r any fu r th e r c a l c u l a t i o n s .

38 % E.g . l e t us assume experiment_matrix (1 , 5 , 1 )=0 .

39 % I f that happens , exmeriment_matrix ( 1 , 5 , 2 : 4 )

40 % w i l l be ignored in any fu r th e r ...
c a l c u l a t i o n s and

41 % the g r id w i l l c o n s i s t o f one g r id po int

42 % l e s s .

43 % grid_matrix Matrix o f s i z e ( grid_rows , gr id_cols , 3 ) . ( : , : , 1 )

44 % i s f o r area o f i n t e r e s t ( i n i t i a l l y 1) ,

45 % ( : , : , 2 : 3 ) are x and y va lues o f the g r i d .

46 % co l_thresho ld Threshold f o r r e c ogn i t i on o f c o l o r s

47 %
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48 % Fe l i x Beck , Maja Temerinac - Ott , Bence Melykuti ( Un ive r s i ty o f ...
Freiburg , Germany)

49 % 16/7/2015

50

51

52

53

54 % Returns f i l l e d_mat r i x ( s i z e o f grid_matrix ) with ze ro s where there was

55 % no R/G/B co l o r in the o r i g i n a l image and ones where a c o l o r was detected

56

57 [Ymax,Xmax, ~ ]= s i z e ( I_o r i g i na l ) ;

58

59 experiment_matrix=ze ro s ( s i z e ( grid_matrix , 1 ) , s i z e ( grid_matrix , 2 ) ,4 ) ; % ...
Prepare va r i ab l e

60

61 % Check i f image has a R/G/B value h igher than co l_thresho ld at the ...
g r id c o o r d i n a t e s .

62 % I f so , s e t the corresponding experiment_matrix=1 . Also check i f the g r id

63 % coo rd ina t e s l i e with in the image boundar ies and ad jus t area o f i n t e r e s t .

64 f o r i =1: s i z e ( grid_matrix , 1 )

65 f o r j =1: s i z e ( grid_matrix , 2 )

66 i f grid_matrix ( i , j , 2 )>=0.5 && grid_matrix ( i , j , 2 )<Xmax+0.5 && . . .

67 grid_matrix ( i , j , 3 )>=0.5 && grid_matrix ( i , j , 3 )<Ymax+0.5

68 experiment_matrix ( i , j , 1 ) =1; % I f g r id po int l i e s with in ...
the images boundar ies : area o f i n t r e s t=1 .

69 f o r c o l =2:4 % For RGB

70 i f I_o r i g i na l ( round ( grid_matrix ( i , j , 3) ) , round ...
( grid_matrix ( i , j , 2) ) , co l - 1 ) > co l_thresho ld % ...
( i , j , 2 ) and ( i , j , 1 ) need to be exchanged. Just ...
l i k e in e . g . s i z e ( I_o r i g i na l )

71 experiment_matrix ( i , j , c o l )=1;

72 end

73 end

74 end

75 end

76 end

77

78 end
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1 func t i on hexa ( nrows , nco ls , we l l s , i n iw e l l s , shape , plotmode )

2 % HEXA.m v i s u a l i z e s s imu l a t i o n s . I t f i r s t c r e a t e s a hexagonal g r id and

3 % then adds the corresponding c o l o r to each spo t .

4 %

5 %

6 % EXPLANATION OF VARIABLES

7 %

8 % shr Shrinkage parameter i s in ( 0 , 1 ] , shows how much the spot s

9 % are shrunk r e l a t i v e to the c i r cumscr ibed spots

10 % nrows Number o f rows

11 % nco l s Number o f columns

12 % shape Shape o f the g r id

13 % plotmode Mode o f p l o t t i n g :

14 % 0 : Plot the f i r s t s imu la t i on be f o r e and a f t e r

15 % contamination

16 % 1 : Plot o r i g i n a l image and recogn i z ed g r id with c o l o r s

17 % to check i f f i t i s good enough f o r user ' s needs

18 % i n i w e l l s I f plotmode==0, i n i w e l l s i s the same as the va r i ab l e we l l s

19 % be fo r e contaminat ion .

20 % I f plotmode==1, i n i w e l l s conta in s three matr i ce s conta in ing

21 % RGB data with the correspond ing coo rd ina t e s in the image

22 % ( see I_o r i g i na l in

23 % automat ic_gr id_f i t t ing_perspect ive_c l i ck .m )

24 % we l l s Cons i s t s o f f our d i f f e r e n t 2 - d imens iona l

25 % matr i ce s with the column and row s i z e o f the

26 % data s e t g r i d . The second , th i rd and four th

27 % matrix r ep r e s en t R, G and B. Whenever a spot

28 % i s f i l l e d with a co lo r , the cor responding

29 % matrix entry i s s e t to 1 . Whenever there i s no

30 % co l o r in the spot , the matrix entry remains

31 % 0 . The f i r s t matrix i n d i c a t e s the ' area o f

32 % in t e r e s t ' ( i n i t i a l l y a l l the e n t r i e s are 1) .

33 % E.g . i t can happen that some part s o f a column

34 % or row are not with in the l im i t s o f our

35 % o r i g i n a l image. I f that happens , the

36 % correspond ing area o f i n t e r e s t matrix entry i s

37 % se t to 0 . Whenever there i s a 0 entry in the

38 % area o f i n t e r e s t matrix , the corresponding

39 % R/G/B matrix e n t r i e s w i l l be ignored f o r any

40 % fu r th e r c a l c u l a t i o n s . E .g . l e t us assume

41 % we l l s ( 1 , 5 , 1 )=0 . I f that happens ,

42 % we l l s ( 1 , 5 , 2 : 4 ) w i l l be ignored in any fu r th e r c a l c u l a t i o n s

43 % and the g r id w i l l c o n s i s t o f one g r id po int l e s s .

44 % co l o r s Vector with row and co l numbers o f co l o r ed we l l s

45 % co l o r Vector conta in ing the corresponding c o l o r to each ...
entry in

46 % co l o r s

47 %

48 %

49 % Fe l i x Beck , Maja Temerinac - Ott , Bence Melykuti ( Un ive r s i ty o f ...
Freiburg , Germany)

50 % 16/7/2015

51

52

53

54

55 shr=0. 8 ;
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56

57 [X, Y] = meshgrid ( - 1 : n co l s +1 ,0: nrows+1) ; % Create wel l - c en t e r s

58 m = s i z e (X, 1 ) ; % == nrows+2

59 n = s i z e (X, 2 ) ; % == nco l s+3

60

61 % Adjust g r id accord ing to shape

62 i f shape == 0

63 i f mod(m, 2 )==0

64 X = X + repmat ( [ 0 ; 0 . 5 ] , [m/2 ,n ] ) ; % Sh i f t x - ax i s

65 e l s e

66 X = X + [ repmat ( [ 0 ; 0 . 5 ] , [ f l o o r (m/2) ,n ] ) ; z e r o s (1 , n) ] ;

67 end

68 e l s e % shape==1

69 i f mod(m, 2 )==0

70 X = X + repmat ( [ 0 . 5 ; 0 ] , [m/2 ,n ] ) ; % Sh i f t x - ax i s

71 e l s e

72 X = X + [ repmat ( [ 0 . 5 ; 0 ] , [ f l o o r (m/2) ,n ] ) ; 0 . 5 * ones (1 , n) ] ;

73 end

74 end

75

76 % Prepare p l o t s

77 f i g u r e ;

78 subplot (1 , 2 , 1 ) ; % F i r s t g r id shows we l l s be f o r e contamination

79 i f plotmode==0 % I f plotmode==0, the f i r s t p l o t i s the f i r s t ...
s imu la t i on be f o r e contamination

80 % [XV, YV] = voronoi (X( : ) ,Y( : ) ) ; % voronoi can be ac t i va t ed to ...
v i s u a l i z e the ( hexagonal ) g r id

81 % p lo t (XV,YV, 'w ' )

82 subplot (1 , 2 , 2 ) ; % Second gr id shows we l l s a f t e r contamination

83 % plo t (XV,YV, 'w ' )

84 e l s e

85 imshow( uint8 ( i n i w e l l s ) ) ; t i t l e ( ' Or ig ina l image ' ) % I f plotmode==1, ...
the f i r s t p l o t i s the o r i g i n a l image

86 subplot (1 , 2 , 2 ) ; % Second gr id shows recogn i zed g r id with c o l o r s

87 hold on

88 t i t l e ( 'The l o c a t i o n o f r ecogn i zed spot s ' )

89 s e t ( gca , 'XTickLabel ' , [ ] ) % Remove l a b e l s from second p lo t

90 s e t ( gca , 'YTickLabel ' , [ ] )

91 hold o f f

92 end

93

94

95 f o r l =2: -1 :1

96 i f l==1 % Before contamination

97 we l l s 1=i n i w e l l s ;

98 e l s e % After contamination

99 we l l s 1=we l l s ;

100 end

101 c o l o r s=ze ro s (2 , 0 ) ;

102 c o l o r= ' ' ;

103

104 % Find matrix e n t r i e s with red , green or blue c o l o r and save in to ...
c o l o r s

105 [ rrow , ...
r c o l ]= f i nd ( we l l s 1 ( : , : , 2 ) . *(1 - we l l s 1 ( : , : , 3 ) ) . *(1 - we l l s 1 ( : , : , 4 ) ) ) ; ...
% Find red e n t r i e s

106 c o l o r s =[ c o l o r s [ rrow r c o l ] ' ] ;
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107 co l o r=repmat ( ' r ' , [ 1 l ength ( rrow ) ] ) ;

108 [ grow , ...
gco l ]= f i nd ( (1 - we l l s 1 ( : , : , 2 ) ) . *we l l s 1 ( : , : , 3 ) . *(1 - we l l s 1 ( : , : , 4 ) ) ) ; ...
% Find green e n t r i e s

109 c o l o r s =[ c o l o r s [ grow gco l ] ' ] ;

110 c o l o r =[ c o l o r repmat ( ' g ' , [ 1 l ength ( grow ) ] ) ] ;

111 [ brow , ...
bco l ]= f i nd ( (1 - we l l s 1 ( : , : , 2 ) ) . *(1 - we l l s 1 ( : , : , 3 ) ) . *we l l s 1 ( : , : , 4 ) ) ; ...
% Find blue e n t r i e s

112 c o l o r s =[ c o l o r s [ brow bco l ] ' ] ;

113 c o l o r =[ c o l o r repmat ( 'b ' , [ 1 l ength ( brow ) ] ) ] ;

114

115 % Find matrix e n t r i e s with two or three c o l o r s and save in to c o l o r s

116 [ yrow , ...
yco l ]= f i nd ( we l l s 1 ( : , : , 2 ) . *we l l s 1 ( : , : , 3 ) . *(1 - we l l s 1 ( : , : , 4 ) ) ) ; % ...
Find ye l low ( red&green ) e n t r i e s

117 c o l o r s =[ c o l o r s [ yrow yco l ] ' ] ;

118 c o l o r =[ c o l o r repmat ( 'y ' , [ 1 l ength ( yrow ) ] ) ] ;

119 [ crow , ...
c c o l ]= f i nd ( (1 - we l l s 1 ( : , : , 2 ) ) . *we l l s 1 ( : , : , 3 ) . *we l l s 1 ( : , : , 4 ) ) ; % ...
Find cyan ( green&blue ) e n t r i e s

120 c o l o r s =[ c o l o r s [ crow c co l ] ' ] ;

121 c o l o r =[ c o l o r repmat ( ' c ' , [ 1 l ength ( crow ) ] ) ] ;

122 [mrow , ...
mcol ]= f i nd ( we l l s 1 ( : , : , 2 ) . *(1 - we l l s 1 ( : , : , 3 ) ) . *we l l s 1 ( : , : , 4 ) ) ; % ...
Find magenta ( red&blue ) e n t r i e s

123 c o l o r s =[ c o l o r s [mrow mcol ] ' ] ;

124 c o l o r =[ c o l o r repmat ( 'm ' , [ 1 l ength (mrow) ] ) ] ;

125 [ wrow , wcol ]= f i nd ( we l l s 1 ( : , : , 2 ) . *we l l s 1 ( : , : , 3 ) . *we l l s 1 ( : , : , 4 ) ) ; % ...
Find white ( red&green&blue ) e n t r i e s

126 c o l o r s =[ c o l o r s [ wrow wcol ] ' ] ;

127 c o l o r =[ c o l o r repmat ( 'w ' , [ 1 l ength (wrow) ] ) ] ;

128

129 % Prepare c o l o r v a r i ab l e f o r p l o t t i n g c o l o r s in to corresponding g r id

130 subplot (1 ,2 , l ) ; % Se l e c t g r id

131

132 % Pre s e t t i n g s f o r subo l o t s in the loop

133 s e t ( gca , ' c o l o r ' , 'k ' , 'XAxisLocation ' , ' top ' , 'YDir ' , ' r e v e r s e ' )

134 ax i s ( [ 0 nco l s+1. 5 0 nrows+1]) ;

135 daspect ( [ s q r t (3 ) , 2 , 1 ] ) ; % Determine the r e l a t i v e s c a l i n g o f the ...
data un i t s a long the axes

136

137 f o r k=1: s i z e ( co l o r s , 2 ) % For a l l the c o l o r e n t r i e s

138

139 % F i l l spot s with correspond ing c o l o r

140 i=c o l o r s (1 , k ) ; % Row number o f cur rent spot

141 j=c o l o r s (2 , k ) ; % Column number o f cur rent spot

142

143 % Add correspond ing c o l o r to cur rent spot by us ing the ...
coo rd ina t e s o f the cur rent spot and f i l l i n g i t with patch

144 i f shape==0

145 i f mod( i , 2 )==0

146 patch ( [ j , j+shr *0 .5 , j+shr *0 .5 , j , j - shr *0 .5 , ...
j - shr *0 . 5 ] , [ i - shr *5/8 , i - shr *3/8 , i+shr *3/8 , ...
i+shr *5/8 , i+shr *3/8 , i - shr *3/8 ] , c o l o r ( k ) )

147 e l s e
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148 patch ( [ j , j+shr *0 .5 , j+shr *0 .5 , j , j - shr *0 .5 , ...
j - shr *0 . 5 ] + 0 . 5 * ones (1 , 6 ) , [ i - shr *5/8 , i - shr *3/8 , ...
i+shr *3/8 , i+shr *5/8 , i+shr *3/8 , i - shr *3/8 ] , c o l o r ( k ) )

149 end

150

151 e l s e % shape==1

152 i f mod( i , 2 )==0

153 patch ( [ j , j+shr *0 .5 , j+shr *0 .5 , j , j - shr *0 .5 , ...
j - shr *0 . 5 ] + 0 . 5 * ones (1 , 6 ) , [ i - shr *5/8 , i - shr *3/8 , ...
i+shr *3/8 , i+shr *5/8 , i+shr *3/8 , i - shr *3/8 ] , c o l o r ( k ) )

154 e l s e

155 patch ( [ j , j+shr *0 .5 , j+shr *0 .5 , j , j - shr *0 .5 , ...
j - shr *0 . 5 ] , [ i - shr *5/8 , i - shr *3/8 , i+shr *3/8 , ...
i+shr *5/8 , i+shr *3/8 , i - shr *3/8 ] , c o l o r ( k ) )

156 end

157 end

158 end

159

160

161 i f plotmode==1 % I f plotmode==1, the f i r s t p l o t s tays untouched ; ...
Exit the loop

162 break

163 end

164

165 end

166 end



APPENDIX B

Matlab Code II: Estimation by MSM

The following functions are shown in the order they are called in the program

structure.

1 func t i on [ s o l u t i on s , r e su l t , experiment_matrix , we l l s ] = ...
msm( simstep_max , loops ,mu_max)

2

3 % MSM i s the main func t i on f o r the parameter e s t imat ion by the method o f

4 % simulated moments. I t c a l l s the RGB matr i ce s and shape o f the data s e t

5 % from a f i l e that was c reated by

6 % automat i c_gr id_f i t t ing_perspec t ive_c l i ck .m. The moments we need f o r the

7 % es t imat ion are c a l l e d from s imca l c s .m . I n i t i a l e s t imato r s are ...
chosen , the

8 % ob j e c t i v e func t i on f o r the opt imiza t i on i s computed in optim.m and then

9 % optimized with fminsearchbnd. The best e s t imator i s saved in

10 % in a f i l e .

11 %

12 %

13 %

14 % EXPLANATION OF VARIABLES

15 %

16 % simstep_max Number o f s imu la t i on s

17 % loops Number o f op t im i za t i on s with d i f f e r e n t i n i t i a l va lues

18 % mu_max Maximum i n i t i a l mu value f o r op t im i za t i on s

19 % shape Shape o f the g r id

20 %

21 % shape=0: Odd numbered rows are s h i f t e d to the r i gh t by ha l f a un i t

22 % 1 2 3 . . . nco l s -1 nco l s ( sh i f t ed rowsds )

23 % 1 2 3 . . . nco l s -1 nco l s ( o r i g i na l r owsd s )

24 % 1 2 3 . . . nco l s -1 nco l s ( sh i f t ed rowsds )

25 % . . .

26 %

27 % shape=1: Even numbered rows are s h i f t e d to the r i gh t by ha l f a un i t

28 % 1 2 3 . . . nco l s -1 nco l s

29 % 1 2 3 . . . nco l s -1 nco l s ( sh i f t ed rowsds )

30 % 1 2 3 . . . nco l s -1 nco l s

31 % . . .

32 %

33 % experiment_matrix Four matr i ce s o f s i z e ( nrows , nco l s ) - r ep r e s en t i ng the

34 % gr id we get from the data s e t - with e n t r i e s o f

35 % e i t h e r 0 or 1 . experiment_matrix ( : , : , 1 ) r ep r e s en t s the

36 % area o f i n t e r e s t , i e i f experiment_matrix ( i , j , 1 )==1

37 % that we l l i s going to be part o f the f i n a l g r id ...
and o f

38 % the c a l c u l a t i o n s . I f experiment_matrix ( i , j , 1 )==0, we

39 % remove that we l l from a l l our c a l c u l a t i o n s .

81
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40 % experiment_matrix ( i , j , 2 : 4 ) r ep r e s en t the RGB co l o r ( s )

41 % in we l l ( i , j ) . e . g . i f experiment_matrix ( i , j , 3 )==1,

42 % there i s green c o l o r in we l l ( i , j ) .

43 % For more d e t a i l e d in fo rmat ion see exp lanat ion o f

44 % experiment_matrix in

45 % automat i c_gr id_f i t t ing_perspec t ive_c l i ck .m.

46 % nrows Number o f rows

47 % nco l s Number o f columns

48 % or i g i na l r owsd s Rows in experiment_matrix o f the data s e t ( ds ) ...
that are

49 % ' f u r t h e r l e f t ' . s e e

50 % exp lanat ion o f shape .

51 % sh i f t ed rowsds Rows in experiment_matrix that are ' f u r t h e r ...
r ight ' . s e e

52 % exp lanat ion o f shape .

53 % Note :

54 % The main purpose i s to know which rows are ' f u r t h e r

55 % r ight ' , which we c a l l s h i f t e d r owsd s . They are j u s t

56 % ca l l e d o r i g i na l r owsd s and sh i f t edrowsds , i t i s not

57 % important to know i f sh i f t ed rowsds were a c tua l l y

58 % sh i f t e d to the r i gh t or i f o r i g i n a l r owsd s were s h i f t e d

59 % to the l e f t .

60 % max_edges Matrix o f s i z e ( nrows , nco ls , 3 ) that c a r r i e s in fo rmat ion

61 % about i f the re can po s s i b l y be contamination between

62 % we l l ( i , j ) and i t s n e i ghbo r s . The l a s t dimension

63 % rep r e s en t s the three d i r e c t i o n s o f p o s s i b l e

64 % contaminat ion . Edge d i r e c t i o n : 1=r ight , 2=r i gh t down ,

65 % 3= l e f t down. E .g . i f the re could be contamination

66 % between we l l ( i , j ) and i t s r i gh t down neighbor ,

67 % max_edges ( i , j , 2 )==1. I f the re cannott be contamination

68 % ( i e at l e a s t one o f the two we l l s l i e s ou t s ide the area

69 % of i n t e r e s t ) , max_edges ( i , j , 2 )==0.

70 % we l l s Matrix o f s i z e ( nwors , nco l s , 4 , simstep_max ) . Each

71 % s imula t i on step has one matrix o f s i z e

72 % ( nrows , nco ls , 4 ) . ( : , : , 1 ) r ep r e s en t s the

73 % area o f i n t e r e s t . ( : , : , 2 : 4 ) r ep r e s en t the we l l s o f

74 % the data s e t that can be f i l l e d with R, G or B

75 % ( e . g . i f we l l ( i , j ) o f the f i r s t s imu la t i on i s

76 % f i l l e d with green co lo r , we l l s ( i , j , 3 , 1 ) =1, e l s e 0) .

77 % t o t a lw e l l s Number o f we l l s that could po s s i b l y have a c o l o r .

78 % indexed_wel ls we l l s ( : , : , 1 , : ) has i nd i c a t o r v a r i a b l e s 0 and 1 ;

79 % indexed_wel ls w i l l index the l o c a t i o n s o f 1 s in

80 % in c r e a s i n g order , 0 s w i l l remain 0

81 % rpwe l l s Permutation o f t o t a l w e l l s

82 % edges simstep_max matr i ce s o f s i z e ( nrows , nco ls , 3) matrix

83 % whose e n t r i e s ( i , j , k ) are i nd i c a t o r v a r i a b l e s o f edges

84 % between we l l ( i , j ) and i t s ne ighbor to the (k=1) r ight ,

85 % (k=2) r i gh t down , (k=3) l e f t down.

86 % t o t a l e d g e l o c a t i o n s Number o f edges that could po s s i b l y be open.

87 % indexed_edges max_edges has i nd i c a t o r v a r i a b l e s 0 and 1 ;

88 % indexed_edges w i l l index the l o c a t i o n s o f 1 s in

89 % in c r e a s i n g order , 0 s w i l l remain 0 .

90 % rpedges Permutation o f t o t a l e d g e l o c a t i o n s .

91 % s o l u t i o n s Vector conta in ing the i n i t i a l e s t imato r s and the

92 % ob j e c t i v e func t i on value ( f i r s t 5 e n t r i e s o f each row ) ,

93 % the correspond ing e s t imato r s a f t e r the opt imiza t i on

94 % ( e n t r i e s 6 -9 o f each row ) and the ob j e c t i v e func t i on
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95 % value (10 th entry o f each row ) .

96 % lambda_max max/ i n i t i a l lambda : Sum of a l l R-G-B we l l s d iv ided

97 % by number t o t a l we l l s ( the re could not have been more

98 % seeds than how many times the c o l o r i s observed a f t e r

99 % contamination ) .

100 % lambda=[x ; y ; z ] Seeding ra t e f o r the three c o l o r s

101 % mu Contamination ra t e ( p r obab i l i t y o f any given

102 % undi rec ted edge being open )

103 % est imator Best e s t imator o f a l l op t im i za t i on s

104 % r e s u l t Output o f the best e s t imator [ lambda ,mu]

105 % opt im i za t i on s Var iab le with the number o f l oops and a l l e s t imato r s

106 % and e r r o r s be f o r e and a f t e r op t im i za t i on s

107 %

108 %

109 % Fe l i x Beck , Bence Melykuti ( Un ive r s i ty o f Freiburg , Germany)

110 % 16/7/2015

111

112

113 % Load the RGB matr i ce s o f the data s e t and shape , i e the v a r i a b l e s ...
' experiment_matrix ' and ' shape '

114 f i l ename=input ( ' Filename f o r data s e t : ' , ' s ' ) ;

115 load ( f i l ename ) ;

116

117 dots=s t r f i n d ( f i l ename , ' . ' ) ; % Find the dot in the f i l ename

118 i f l ength ( dots )>0

119 outputsugges t ion=s p r i n t f ( '%s_est imators ' , f i l ename ( 1 :max( dots ) -1) ) ;

120 e l s e

121 outputsugges t ion=s p r i n t f ( '%s_est imators ' , f i l ename ) ;

122 end

123 outputname=input ( s p r i n t f ( 'Enter f i l ename f o r output ( or p r e s s Return ...
f o r the d e f au l t %s.mat ) : ' , outputsugges t ion ) , ' s ' ) ;

124

125 t i c

126

127 % Preset s i z e s o f s imu la t i on matr i ce s

128 nrows=s i z e ( experiment_matrix , 1 ) ;

129 nco l s=s i z e ( experiment_matrix , 2 ) ;

130

131 % rng ( ' s hu f f l e ' ) ; % Shu f f l e random generator

132 rng ( ' de f au l t ' ) ; % Reset random generator

133

134

135 % Create o r i g i na l r owsd s & sh i f t ed rowsds

136 i f shape==0;

137 o r i g i na l r owsd s =2:2: s i z e ( experiment_matrix , 1 ) ;

138 sh i f t ed rowsds =1:2: s i z e ( experiment_matrix , 1 ) ;

139 e l s e %shape ==1

140 o r i g i na l r owsd s =1:2: s i z e ( experiment_matrix , 1 ) ;

141 sh i f t ed rowsds =2:2: s i z e ( experiment_matrix , 1 ) ;

142 end

143

144

145 % We cr ea t e three matr i ce s max_edges ( : , : , 1 : 3 ) f o r p o s s i b l e open edges ( i e

146 % po s s i b l e contamination between two ne ighbors ) , needed f o r the ...
c a l c u l a t i o n s o f the moments :

147 % Edge d i r e c t i o n : 1=r ight , 2=r i gh t down , 3= l e f t down. I f an edge would
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148 % connect a we l l ou t s ide and one i n s i d e the area o f i n t e r e s t , i t must ...
be s e t to c l o s ed (0) . We f i r s t a l low every edge to be open ...
randomly , then zero those which cannot be :

149 % ( or i g ina l r owsds , 1) : no l e f t down ; ( sh i f t ed rowsds, end) : no r ight , ...
no r i gh t down ; ( o r i g i na l r owsd s, end) : no r i gh t ; ( end , : ) : no r i gh t ...
down , no l e f t down

150 max_edges=ones ( nrows , nco ls , 3 ) ;

151 max_edges ( o r i g ina l r owsds , 1 , 3 ) =0;

152 max_edges ( sh i f t ed rowsds,end , 1 ) =0;
153 max_edges ( sh i f t ed rowsds,end , 2 ) =0;
154 max_edges ( o r i g i na l r owsd s,end , 1 ) =0;
155 max_edges ( end , : , [ 2 3 ] ) =0;

156

157 % Checking i f the ne ighbors f o r each we l l are part o f area o f i n t e r e s t and

158 % i f not , c l o s e the correspond ing edge .

159 f o r i =1:nrows

160 f o r j =1: nco l s

161 i f experiment_matrix ( i , j , 1 )==1 % 'Area o f i n t e r e s t '

162 i f max( i==or i g i na l r owsd s )==1 % I f row i s part o f o r i g i n a l r owsd s

163 i f j<nco l s && experiment_matrix ( i , j +1 ,1)==0 % I f r i g h t ...
neighbor i s not in area o f i n t e r e s t

164 max_edges ( i , j , 1 ) =0; % r i gh t edge cannot e x i s t

165 end

166 i f i<nrows && experiment_matrix ( i +1, j , 1 )==0 % I f r i gh t ...
down neighbor i s not in area o f i n t e r e s t

167 max_edges ( i , j , 2 ) =0; % r i gh t down edge cannot e x i s t

168 end

169 i f i<nrows && j>1 && experiment_matrix ( i +1, j - 1 , 1 )==0 % ...
I f down l e f t ne ighbor i s not in area o f i n t e r e s t

170 max_edges ( i , j , 3 ) =0; % l e f t down edge cannot e x i s t

171 end

172 e l s e % Analogue i f row i s part o f sh i f t ed rowsds

173 i f j<nco l s && experiment_matrix ( i , j +1 ,1)==0

174 max_edges ( i , j , 1 ) =0;

175 end

176 i f j<nco l s && i<nrows && experiment_matrix ( i +1, j +1 ,1)==0

177 max_edges ( i , j , 2 ) =0;

178 end

179 i f i<nrows && experiment_matrix ( i +1, j , 1 )==0

180 max_edges ( i , j , 3 ) =0;

181 end

182 end

183 e l s e

184 max_edges ( i , j , : ) =0; % I f ( i , j ) i s not in area o f i n t e r s t , ...
a l l th ree edges are zero

185 end

186 end

187 end

188

189

190 % Preparing we l l s

191 we l l s=ze ro s ( nrows , nco ls , 4 ) ;

192 we l l s ( : , : , 1 )=experiment_matrix ( : , : , 1 ) ; % Area o f i n t e r e s t equa l s the ...
area o f i n t e r e s t o f the experiment_matrix

193 t o t a lw e l l s=sum(sum( we l l s ( : , : , 1 ) ) ) ;

194

195 indexed_wel ls=we l l s ( : , : , 1 ) ;
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196 counter=0;

197 f o r i =1:nrows* nco l s

198 counter=counter+indexed_wel ls ( i ) ;

199 indexed_wel ls ( i )=indexed_wel ls ( i ) * counter ; % Only i n s e r t counter ...
i f not 0 ( i e . 1)

200 end

201

202 rpwe l l s=ze ro s ( t o t a lw e l l s , 3 , simstep_max ) ; % This i s the source o f ...
randomness f o r w e l l s .

203 f o r s imstep=1:simstep_max

204 f o r i =1:3

205 rpwe l l s ( : , i , s imstep )=randperm ( t o t a l w e l l s ) ;

206 end

207 end

208

209 % Preparing edges

210 edges=ze ro s ( nrows , nco ls , 3 , simstep_max ) ;

211

212 t o t a l e d g e l o c a t i o n s=sum(sum(sum(max_edges ) ) ) ;

213

214 indexed_edges=max_edges ;

215 counter=0;

216 f o r i =1:nrows* nco l s *3

217 counter=counter+max_edges ( i ) ;

218 indexed_edges ( i )=max_edges ( i ) * counter ; % Only i n s e r t counter i f ...
not 0 ( i e . 1)

219 end

220

221 rpedges=ze ro s ( t o t a l e dg e l o c a t i on s , simstep_max ) ; % This i s the source o f ...
randomness f o r edge s .

222 f o r s imstep=1:simstep_max

223 rpedges ( : , s imstep )=randperm ( t o t a l e d g e l o c a t i o n s ) ;

224 end

225

226

227 [ dsRGB, dstwocol , dsnb ] = s imca l c s ( nrows , nco ls , sh i f t edrowsds , ...
o r i g ina l r owsds , experiment_matrix , max_edges ) ; % Ca l cu l a t i on s f o r ...
data s e t

228

229 s o l u t i o n s=ze ro s ( loops , 1 0 ) ; % Pr e s e t t i n g s f o r s o l u t i o n s

230

231 lambda_max=[sum(sum( experiment_matrix ( : , : , 2) ) ) / ...
sum(sum( experiment_matrix ( : , : , 1) ) ) , . . . % max/ i n i t i a l lambda : sum ...
o f a l l R-G-B we l l s / number t o t a l we l l s

232 sum(sum( experiment_matrix ( : , : , 3) ) ) / ...
sum(sum( experiment_matrix ( : , : , 1) ) ) , . . .

233 sum(sum( experiment_matrix ( : , : , 4) ) ) / ...
sum(sum( experiment_matrix ( : , : , 1) ) ) ] ;

234

235

236 % Se t t i ng s f o r i n i t i a l e s t imator ( s ) o f lambda and mu

237 f o r l =1: l oops % For number o f op t im i za t i on s

238 i f l==1 % I f f i r s t opt imiza t i on

239 lambda=lambda_max ; % lambda ge t s the l a r g e s t value p o s s i b l e

240 mu=0; % mu get s the sma l l e s t va lue p o s s i b l e

241 e l s e % I f loops >1, mu i s going up , lambda i s going ...
down ; lambda i s always >0
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242 lambda=lambda - lambda_max/ loops ; % New i n i t i a l lambda ...
e s t imato r s ( assumption : lambda_max/ loops<=lambda<=lambda_max)

243 mu=mu+mu_max/( loops - 1 ) ; % New i n i t i a l mu es t imato r s ...
( assumption : 0<=mu<=mu_max)

244

245 end

246

247 s o l u t i o n s ( l , 1 : 4 ) =[lambda ,mu ] ; % Est imators be f o r e opt imiza t i on

248

249 % Ca lcu la t ing the max e r r o r with i n i t i a l va lues o f lambda and mu ...
to t e s t i f

250 % the opt imized e r r o r i s r e a l l y sma l l e r

251 [ ~ , abst ]=optim_output ( [ lambda ,mu] , nrows , nco ls , shape , ...
simstep_max , dsRGB, dstwocol , dsnb , max_edges , 0 , t o t a lw e l l s , ...
indexed_wells , rpwe l l s , we l l s , t o t a l e dg e l o c a t i on s , ...
indexed_edges , rpedges , edges ) ;

252 s o l u t i o n s ( l , 5 )=sum( abst ( : ) ) ;

253

254 % Options f o r fminsearchbnd opt imizat i on ( func t i on optim re tu rn s the

255 % es t imato r s f o r lambda and mu)

256 opt ions = ...
opt imset ( 'MaxFunEvals ' ,20000 , 'MaxIter ' ,20000 , 'TolFun ' ,1 e - 7 , 'TolX ' ,1 e - 7 ) ;

257 % fminsearchbnd behaves s im i l a r l y to fminsearch , except you can ...
add bound

258 % c o n s t r a i n t s .

259 [ param , f v a l ]= fminsearchbnd (@(param) optim ( param , nrows , nco ls , ...
shape , simstep_max , dsRGB, dstwocol , dsnb , max_edges , ...
t o t a lw e l l s , indexed_wells , rpwe l l s , we l l s , t o t a l e dg e l o c a t i on s , ...
indexed_edges , rpedges , edges ) , [ lambda ,mu] , [ 0 , 0 , 0 , 0 ] , ...
[ lambda_max ,0 . 2 ] , opt ions ) ;

260

261 s o l u t i o n s ( l , 6 : 1 0 ) =[param , f v a l ] ; % Est imators a f t e r opt imiza t i on ...
and ob j e c t i v e func t i on value

262

263 end % of f o r

264

265 [ ~ , rowmin]=min ( s o l u t i o n s ( :,end) ) ; % Searching f o r best e s t imator in ...
s o l u t i o n s

266

267 %Prepar ing output

268 es t imator=[ s o l u t i o n s ( rowmin , 6 ) ; s o l u t i o n s ( rowmin , 7 ) ; ...
s o l u t i o n s ( rowmin , 8 ) ; s o l u t i o n s ( rowmin , 9 ) ] ;

269 r e s u l t =[{ ' e s t imato r s ' } ; e s t imator (1 ) ; e s t imator (2 ) ; e s t imator (3 ) ; e s t imator (4 ) ] ; ...
% Output o f the best e s t imator [ lambda_1 , lambda_2 , lambda_3 ,mu]

270

271

272 % Returning an optimized s imu la t i on as an output because the ...
opt imizat i on func t i on has l im i t ed output opt ions : ( note that i f ...
simstep_max>1, the image that w i l l be shown as an output i s not

273 % r ep r e s e n t a t i v e f o r the c a l cu l a t ed e r r o r s / d i s t an c e s because the image ...
only shows the f i r s t s imu la t i on ! ! )

274 lambda=est imator ( 1 : 3 ) ' ;

275 mu=est imator (4 ) ' ;

276 [ we l l s , abst ]=optim_output ( [ lambda ,mu] , nrows , nco l s , shape , ...
simstep_max , dsRGB, dstwocol , dsnb , max_edges , 1 , t o t a lw e l l s , ...
indexed_wells , rpwe l l s , we l l s , t o t a l e dg e l o c a t i on s , indexed_edges , ...
rpedges , edges ) ;
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277

278

279 opt im i za t i on s=c e l l ( s i z e ( s o l u t i on s , 1 ) +1, s i z e ( s o l u t i on s , 2 ) +1) ; % Create ...
va r i ab l e with a l l e s t imato r s and e r r o r s be f o r e and a f t e r opt im i za t i on s

280 t i t l e s =[ ' optim number ' ; ' lambda_1_ini ' ; ' lambda_2_ini ' ; ' lambda_3_ini ' ; . . .

281 'mu_ini ' ; ' e r r o r_ in i ' ; ' lambda_1 ' ; ' lambda_2 ' ; ...
' lambda_3 ' ; 'mu ' ; . . .

282 ' e r r o r ' ] ;

283 opt im i za t i on s ( 1 , : )=c e l l s t r ( t i t l e s ) ;

284 f o r i =1: s i z e ( s o l u t i on s , 1 )

285 opt im i za t i on s ( i +1 , :)=num2cel l ( [ i , s o l u t i o n s ( i , : ) ] ) ;

286 end

287

288 opt im i za t i on s % Output f o r t e s t i n g reasons

289 abst % Output f o r t e s t i n g reasons

290 r e s u l t % Output o f f i n a l e s t imato r s

291

292

293 % Create a f i l e with the best e s t ima to r .

294 e s t imato r s=c e l l ( 4 , 2 ) ;

295 e s t_ t i t l e s =[ ' lambda_red ' ; ' lambda_green ' ; ' lambda_blue ' ; 'mu ...
' ] ;

296 e s t imato r s ( : , 1 )=c e l l s t r ( e s t_ t i t l e s ) ;

297 e s t imato r s ( : , 2 )=num2cel l ( e s t imator ( 1 : 4 ) ' ) ;

298

299 % Create output f o r e l l a p s ed time

300 e l t ime=toc ;

301 t ime_t i t l e s= ' El lapsed time in sec ' ;

302 time (1)=c e l l s t r ( t ime_t i t l e s ) ;

303 time (2)=num2cell ( e l t ime ) ;

304

305

306 % Create output f o r t r i v i a l e r r o r and optimized e r r o r

307 e r r o r_ t i t l e s =[ ' Tr i v i a l e r r o r ' ; 'Optimized e r r o r ' ] ;

308 e r r o r s ( : , 1 )=c e l l s t r ( e r r o r_ t i t l e s ) ;

309 e r r o r s ( : , 2 )=num2cel l ( [ s o l u t i o n s (1 , 5 ) ; sum( abst ( : ) ) ] ) ;

310

311 % Create output f o r inputs by the user

312 i npu t_t i t l e s =[ 'Number o f s imu la t i on s ' ; 'Number o f ...
opt im i saz i on s ' ; 'Max i n i t i a l mu value f o r ...
opt im i za t i on s ' ] ;

313 input_values ( : , 1 )=c e l l s t r ( i npu t_t i t l e s ) ;

314 input_values ( : , 2 )=num2cel l ( [ simstep_max , loops ,mu_max] ) ;

315

316 i f l ength ( outputname )==0 % I f user dec ide s to use the d e f au l t name ...
outputsugges t ion

317 cho i c e = menu ( [ 'Do you want to save the r e s u l t s in the f i l e ' , ...
outputsuggest ion , ' .mat ? ' ] , 'Yes ' , 'No ' ) ; % Check i f the user ...
would l i k e to save the f i l e

318

319 i f cho i c e==1

320 save ( s p r i n t f ( '%s.mat ' , outputsugges t ion ) , ...
' e s t imato r s ' , ' we l l s ' , ' time ' , ' e r r o r s ' , ' input_values ' , 'max_edges ' )

321 d i sp ( [ 'The f i l e ' , outputsuggest ion , ' .mat was c reated ...
s u c c e s s f u l l y . ' ] )

322 e l s e

323 d i sp ( 'No f i l e was c r e a t ed . ' )
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324 end

325 e l s e % I f user chose a f i l e name

326 cho i c e = menu ( [ 'Do you want to save the r e s u l t s in the f i l e ' , ...
outputname , ' ? ' ] , 'Yes ' , 'No ' ) ; % Check i f the user would l i k e ...
to save the f i l e

327 i f cho i c e==1

328 save ( s p r i n t f ( '%s ' , outputname ) , ...
' e s t imato r s ' , ' we l l s ' , ' time ' , ' e r r o r s ' , ' input_values ' , 'max_edges ' )

329 d i sp ( [ 'The f i l e ' , outputname , ' was created s u c c e s s f u l l y . ' ] )

330 e l s e

331 d i sp ( 'No f i l e was c r e a t ed . ' )

332 end

333 end

334

335 end
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1 func t i on [ avRGB, avtwocol , avnb ] = ...
s imca l c s ( nrows , nco ls , sh i f t edrows , o r i g ina l r ows , we l l s , max_edges )

2 % SIMCALCS.m c a l c u l a t e s the moments we chose f o r the opt imizat i on o f our

3 % s imu la t i on s : averages o f co l o r s , mu l t ip l e c o l o r s per we l l and ne ighbors

4 % with the same co l o r

5 %

6 %

7 % EXPLANATION OF VARIABLES

8 %

9 % simstep_max Number o f s imu la t i on s

10 % we l l s Matrix o f s i z e ( nwors , nco l s , 4 , simstep_max ) . Each

11 % s imula t i on step has one matrix o f s i z e

12 % ( nrows , nco ls , 4 ) . ( : , : , 1 ) r ep r e s en t s the

13 % area o f i n t e r e s t : E .g . i t can happen that some ...
par t s o f a column

14 % or row are not with in the l im i t s o f our

15 % o r i g i n a l image. I f that happens , the

16 % correspond ing area o f i n t e r e s t matrix entry i s

17 % se t to 0 . Whenever there i s a 0 entry in the

18 % area o f i n t e r e s t matrix , the correspond ing

19 % R/G/B matrix e n t r i e s w i l l be ignored f o r any

20 % fu r th e r c a l c u l a t i o n s . ( : , : , 2 : 4 ) r ep r e s en t the ...
we l l s o f

21 % the data s e t that can be f i l l e d with R, G or B

22 % ( e . g . i f we l l ( i , j ) o f the f i r s t s imu la t i on i s

23 % f i l l e d with green co lo r , we l l s ( i , j , 3 , 1 ) =1, e l s e

24 % 0) .

25 % avRGB [R,G,B] - vec to r o f wel l - average o f c o l o r

26 % RGsim Matrix with ones where there i s R and G co lor , e l s e 0

27 % RBsim Matrix with ones where there i s R and B co lor , e l s e 0

28 % GBsim Matrix with ones where there i s G and B co lor , e l s e 0

29 % avRG Average #R&G per we l l ( d iv ided by t o t a l number o f ...
we l l s & div ided by number o f s imu la t i on s )

30 % avRB Average #R&B per we l l ( d iv ided by t o t a l number o f ...
we l l s & div ided by number o f s imu la t i on s )

31 % avGB Average #G&B per we l l ( d iv ided by t o t a l number o f ...
we l l s & div ided by number o f s imu la t i on s )

32 % avtwocol [RG,RB,GB] - vec to r o f wel l - average o f mu l t ip l e c o l o r s

33 % in one we l l

34 % nrows Number o f rows

35 % nco l s Number o f columns

36 % or i g i n a l r ows Rows in experiment_matrix that are ' f u r t h e r l e f t ' . See

37 % exp lanat ion o f shape

38 % sh i f t ed rows Rows in experiment_matrix that are ' f u r t h e r ...
r ight ' . See

39 % exp lanat ion o f shape

40 % max_edges Matrix o f s i z e ( nrows , nco ls , 3 ) that dec ide s i f the re

41 % can po s s i b l y be contamination between we l l ( i , j ) and

42 % i t s n e i ghbo r s . The l a s t dimension r ep r e s en t s the

43 % three d i r e c t i o n s o f p o s s i b l e contaminat ion . Edge

44 % d i r e c t i o n : 1=r ight , 2=r i gh t down , 3= l e f t down.

45 % E.g . i f the re could be contamination between we l l ( i , j )

46 % and i t s r i g h t down neighbor , max_edges ( i , j , 2 )==1. I f

47 % there cannot be contamination ( i e the neighbor l i e s

48 % out s ide the area o f i n t e r e s t ) , max_edges ( i , j , 2 )==0.

49 % simnb_r # same co l o r ed ne ighbors average f o r s imu la t i on s -

50 % r i gh t arrow
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51 % simnb_dr # same co l o r ed ne ighbors average f o r s imu la t i on s -

52 % r i gh t down arrow

53 % simnb_dl # same co l o r ed ne ighbors average f o r s imu la t i on s -

54 % l e f t down arrow

55 % avnb [R,G,B] - vec to r o f wel l - average o f same co l o r ed

56 % ne ighbors

57 %

58 %

59 % Fe l i x Beck , Bence Melykuti ( Un ive r s i ty o f Freiburg , Germany)

60 % 16/7/2015

61

62 simstep_max=s i z e ( we l l s , 4 ) ; % By i n i t i a l d e f i n i t i o n o f simstep_max

63

64

65 % Calcu la te number o f RGB in data s e t by adding toge the r a l l occupied

66 % we l l s o f a l l s imu l a t i o n s . Divide by t o t a l number o f we l l s ( number o f ...
ones in area o f

67 % i n t e r e s t matrix ) and by t o t a l number o f s imu la t i on s to get average per

68 % we l l .

69 avRGB=[sum(sum(sum( we l l s ( : , : , 2 , : ) ) ) . /sum(sum( we l l s ( : , : , 1 , : ) ) ) ) /simstep_max , . . .

70 sum(sum(sum( we l l s ( : , : , 3 , : ) ) ) . /sum(sum( we l l s ( : , : , 1 , : ) ) ) ) /simstep_max , . . .

71 sum(sum(sum( we l l s ( : , : , 4 , : ) ) ) . /sum(sum( we l l s ( : , : , 1 , : ) ) ) ) /simstep_max ] ;

72

73

74

75 % Calcu la te number o f we l l s with ( at l e a s t ) two c o l o r s by adding ...
toge the r a l l

76 % we l l s o f a l l s imu la t i on s that are RG,GB or RB. Divide by t o t a l ...
number o f we l l s and by t o t a l number o f s imu la t i on s to get average

77 % per w e l l .

78

79 RGsim=we l l s ( : , : , 2 , : )==we l l s ( : , : , 3 , : ) & we l l s ( : , : , 2 , : ) ==1;

80 RBsim=we l l s ( : , : , 2 , : )==we l l s ( : , : , 4 , : ) & we l l s ( : , : , 2 , : ) ==1;

81 GBsim=we l l s ( : , : , 3 , : )==we l l s ( : , : , 4 , : ) & we l l s ( : , : , 3 , : ) ==1;

82

83 avRG=sum(sum(sum(RGsim ( : , : , 1 , : ) ) ) . /sum(sum( we l l s ( : , : , 1 , : ) ) ) ) /simstep_max ;

84 avRB=sum(sum(sum(RBsim ( : , : , 1 , : ) ) ) . /sum(sum( we l l s ( : , : , 1 , : ) ) ) ) /simstep_max ;

85 avGB=sum(sum(sum(GBsim ( : , : , 1 , : ) ) ) . /sum(sum( we l l s ( : , : , 1 , : ) ) ) ) /simstep_max ;

86

87 avtwocol=[avRG, avRB,avGB ] ;

88

89 avnb=ze ro s (1 , 3 ) ; % Preset

90

91 % Calcu la te number o f neighbored we l l s with same co l o r by adding toge the r

92 % a l l the R/G/B we l l s o f a l l s imu la t i on s that hava a neighbor with the ...
same c o l o r . Divide by

93 % t o t a l number o f we l l s and by t o t a l number o f s imu la t i on s to get average

94 % per w e l l .

95 f o r k=2:4 % Check ne ighbors f o r same co l o r f o r R-G-B

96

97

98 simnb_r = sum (sum (sum ( we l l s ( : , 1 : ( nco l s - 1 ) , k , : ) == we l l s ( : , ...
2 : nco l s , k , : ) & we l l s ( : , 1 : ( nco l s - 1 ) , k , : ) == 1) ) . /sum (sum ...
(max_edges ( : , : , 1 ) ) ) ) ;

99
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100 simnb_dr = sum (sum (sum ( [ we l l s ( sh i f t ed rows ( sh i f t ed rows ~=nrows ) , ...
1 : ( nco ls - 1 ) , k , : ) == we l l s ( ( sh i f t ed rows ...
( sh i f t ed rows ~=nrows )+1) , 2 : nco l s , k , : ) . . .

101 & we l l s ( sh i f t ed rows ( sh i f t ed rows ~=nrows ) , 1 : ( nco l s - 1 ) , k , : ) ...
== 1 ; . . .

102 we l l s ( o r i g i n a l r ows ( o r i g i n a l r ows ~=nrows ) , 1 : ( nco l s - 1 ) , k , : ) ...
== we l l s ( ( o r i g i n a l r ows ( o r i g i n a l r ows ~=nrows )+1) , ...
1 : ( nco ls - 1 ) , k , : ) . . .

103 & we l l s ( o r i g i n a l r ows ( o r i g i n a l r ows ~=nrows ) , 1 : ( nco l s - 1 ) , k , : ) ...
== 1 ] ) ) . /sum( sum (max_edges ( : , : , 2) ) ) ) ;

104

105 simnb_dl = sum (sum (sum ( [ we l l s ( sh i f t ed rows ( sh i f t ed rows ~=nrows ) , ...
1 : ( nco ls - 1 ) , k , : ) == we l l s ( ( sh i f t ed rows ...
( sh i f t ed rows ~=nrows )+1) , 1 : ( nco l s - 1 ) , k , : ) . . .

106 & we l l s ( sh i f t ed rows ( sh i f t ed rows ~=nrows ) , 1 : ( nco l s - 1 ) , k , : ) ...
== 1 ;

107 we l l s ( o r i g i n a l r ows ( o r i g i n a l r ows ~=nrows ) , 2 : nco l s , k , : ) == ...
we l l s ( ( o r i g i n a l r ow s ( o r i g i n a l r ows ~=nrows )+1) , 1 : ( nco l s - 1 ) , ...
k , : ) . . .

108 & we l l s ( o r i g i n a l r ow s ( o r i g i n a l r ows ~=nrows ) , 2 : nco l s , k , : ) == ...
1 ] ) ) . /sum (sum (max_edges ( : , : , 3) ) ) ) ;

109

110 avnb (k - 1 )=sum ( [ simnb_r , simnb_dr , simnb_dl ] ) /simstep_max ;

111 end

112

113 end
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1 func t i on [ wells_output , abst ] = optim_output ( param , nrows , nco ls , ...
shape , simstep_max , dsRGB, dstwocol , dsnb , max_edges , v i s u a l i z e , ...
t o t a lw e l l s , indexed_wells , rpwe l l s , we l l s , t o t a l e dg e l o c a t i on s , ...
indexed_edges , rpedges , edges )

2 % OPTIM_OUTPUT.m i s used f o r r e tu rn ing the r e s u l t s o f a s imu la t i on ...
us ing the

3 % al ready optimized va lues o f lambda and mu in add i t i on to the e r r o r s

4 % because the func t i on optim.m has l im i t ed output op t i o n s .

5 %

6 % NOTE: The d i f f e r e n c e between optim.m and optim_output.m i s the ...
number o f

7 % outputs ( and the va r i ab l e v i s u a l i z e ) . This i s because the ' r ea l '

8 % optim.m that d e l i v e r s the ob j e c t i v e func t i on f o r the opt imiza t i on can

9 % only have l im i t ed output s .

10 %

11 %

12 % EXPLANATION OF VARIABLES

13 %

14 % param Current va lues o f [ lamda ,mu]

15 % simstep_max Number o f s imu la t i on s

16 % o r i g i n a l r ows Rows that are ' f u r t h e r l e f t ' . See exp lanat ion o f

17 % shape in msm.m.

18 % sh i f t ed rows Rows that are ' f u r t h e r r ight ' . See exp lanat ion o f

19 % shape in msm.m.

20 % we l l s Matrix o f s i z e ( nwors , nco l s , 4 , simstep_max ) . Each

21 % s imula t i on step has one matrix o f s i z e

22 % ( nrows , nco ls , 4 ) . ( : , : , 1 ) r ep r e s en t s the

23 % area o f i n t e r e s t . ( : , : , 2 : 4 ) r ep r e s en t the ...
we l l s o f

24 % the data s e t that can be f i l l e d with R, G or B

25 % ( e . g . i f we l l ( i , j ) o f the f i r s t s imu la t i on i s

26 % f i l l e d with green co lo r , we l l s ( i , j , 3 , 1 ) =1, e l s e

27 % 0) .

28 % t o t a lw e l l s Number o f we l l s that could po s s i b l y have a c o l o r .

29 % indexed_wel ls we l l s ( : , : , 1 , : ) has i nd i c a t o r v a r i a b l e s 0 and 1 ;

30 % indexed_wel ls w i l l index the l o c a t i o n s o f 1 s in

31 % in c r e a s i n g order , 0 s w i l l remain 0

32 % rpwe l l s Permutation o f t o t a l w e l l s

33 % edges simstep_max matr i ce s o f s i z e ( nrows , nco ls , 3)

34 % matrix whose e n t r i e s ( i , j , k ) are i nd i c a t o r

35 % va r i a b l e s o f edges between we l l ( i , j ) and i t s

36 % neighbor to the (k=1) r ight , ( k=2) r i gh t down ,

37 % (k=3) l e f t down.

38 % t o t a l e d g e l o c a t i o n s Number o f edges that could po s s i b l y be open.

39 % indexed_edges max_edges has i nd i c a t o r v a r i a b l e s 0 and 1 ;

40 % indexed_edges w i l l index the l o c a t i o n s o f 1 s in

41 % in c r e a s i n g order , 0 s w i l l remain 0 .

42 % rpedges Permutation o f t o t a l e d g e l o c a t i o n s .

43 % nrows Number o f rows

44 % nco l s Number o f columns

45 % shape Shape o f the g r id

46 % v i z u a l i z e In format ion about i f s imulat ion .m

47 % v i s u a l i z e s the s imu la t i on or not ( i f v i s u a l i z e==1

48 % => v i s u a l i z e )

49 % max_edges Matrix o f s i z e ( nrows , nco ls , 3 ) that c a r r i e s

50 % in format ion about i f the re can po s s i b l y be

51 % contamination between we l l ( i , j ) and i t s n e i ghbo r s .
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52 % The l a s t dimension r ep r e s en t s the three d i r e c t i o n s

53 % of p o s s i b l e contaminat ion . Edge d i r e c t i o n : 1=r ight ,

54 % 2=r i gh t down , 3= l e f t down. E .g . i f the re could be

55 % contamination between we l l ( i , j ) and i t s r i g h t down

56 % neighbor , max_edges ( i , j , 2 )==1. I f the re cannot be

57 % contamination ( i e the neighbor l i e s ou t s ide the

58 % area o f i n t e r e s t ) , max_edges ( i , j , 2 )==0.

59 % d_RGB Normalized squared d i s t an c e s o f averages o f s i n g l e

60 % co l o r s [R,G,B] over a l l we l l s , between data s e t

61 % and s imu la t i on s

62 % d_twocol Normalized squared d i s t an c e s o f averages o f

63 % mul t ip l e c o l o r s [RG,RB,GB] in one we l l over a l l

64 % wel l s , between data s e t and s imu la t i on s ( cu r r en t l y

65 % decided not to be important and s e t to zero )

66 % d_nbRGB Normalized squared d i s t an c e s o f averages o f same

67 % co lo r ed [R,G,B] ne ighbors over a l l p o s s i b l e

68 % edges , between data s e t and s imu la t i on s

69 % dsRGB [R,G,B] - vec to r o f wel l - average o f c o l o r f o r data

70 % se t

71 % dstwocol [RG,RB,GB] - vec to r o f wel l - average o f mu l t ip l e

72 % co l o r s in one we l l f o r data s e t

73 % dsnb [R,G,B] - vec to r o f wel l - average o f same co l o r ed

74 % ne ighbors f o r data s e t

75 % abst (3 , 3 ) matrix with a l l the above d i s t an c e s

76 %

77 % outputs :

78 % wells_output Wells c a l c u l a t ed with the optimal e s t imato r s

79 % abst Dis tances c a l c u l a t ed with the optimal e s t imato r s

80 %

81 %

82 % Fe l i x Beck , Bence Melykuti ( Un ive r s i ty o f Freiburg , Germany)

83 % 16/7/2015

84

85

86 lambda=param ( 1 : 3 ) ;

87 mu=param (4) ;

88

89

90 % Star t s imu la t i on with opt imized e s t imato r s and v i s u a l i z e r e s u l t s

91 [ we l l s , sh i f t edrows , o r i g i n a l r ows ]= s imula t i on ( nrows , nco ls , shape , ...
lambda , mu, v i s u a l i z e , t o t a lw e l l s , simstep_max , indexed_wells , ...
rpwe l l s , we l l s , t o t a l e dg e l o c a t i on s , indexed_edges , rpedges , edges ) ;

92

93 wel ls_output=we l l s ( : , : , : , 1 ) ; % Save f i r s t s imu la t i on f o r output o f ...
s imulated we l l s

94

95 % Get averages from s imca l c s

96 [ avRGB, avtwocol , avnb ] = s imca l c s ( ...
nrows , nco ls , sh i f t edrows , o r i g ina l r ows , we l l s , max_edges ) ; % ...
Ca l cu l a t i on s f o r s imu la t i on s

97

98 % Pre s e t t i ng f o r abso lu te d i s t an c e s between data s e t and s imu la t i on s

99 d_RGB=ze ro s (1 , 3 ) ;

100 d_twocol=ze ro s (1 , 3 ) ;

101 d_nbRGB=ze ro s (1 , 3 ) ;

102

103 %( squared ) d i s t an c e s between data s e t and s imu la t i on s
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104 f o r i =1:3

105 i f dsRGB( i ) ~=0

106 d_RGB( i )=((dsRGB( i ) -avRGB( i ) ) /dsRGB( i ) ) ^2;

107 e l s e

108 d_RGB( i )=(dsRGB( i ) -avRGB( i ) ) ^2;

109 end

110 i f dstwocol ( i ) ~=0

111 d_twocol ( i ) =0*(( dstwocol ( i ) - avtwocol ( i ) ) / dstwocol ( i ) ) ^2;

112 e l s e

113 d_twocol ( i )=0*( dstwocol ( i ) - avtwocol ( i ) ) ^2;

114 end

115 i f dsnb ( i ) ~=0

116 d_nbRGB( i )=((dsnb ( i ) - avnb ( i ) ) /dsnb ( i ) ) ^2;

117 e l s e

118 d_nbRGB( i )=(dsnb ( i ) - avnb ( i ) ) ^2;

119 end

120 end

121

122 abst=[d_RGB; d_twocol ;d_nbRGB ] ; % (3 ,3 ) matrix with a l l d i s t an c e s

123

124 end
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1 func t i on [ we l l s , sh i f t edrows , o r i g i n a l r ows ] = s imu la t i on ( nrows , nco ls , ...
shape , lambda , mu, v i s u a l i z e , t o t a lw e l l s , simstep_max , ...
indexed_wells , rpwe l l s , we l l s , t o t a l e dg e l o c a t i on s , indexed_edges , ...
rpedges , edges )

2 % SIMULATION.m c r e a t e s the we l l s and the contamination edges f o r the

3 % s imu l a t i o n s . The we l l s be f o r e the contamination , as we l l as the

4 % we l l s a f t e r contamination , which are an output o f contamination.m , are

5 % v i s u a l i z e d .

6 %

7 %

8 % EXPLANATION OF VARIABLES

9 %

10 % nrows Number o f rows

11 % nco l s Number o f columns

12 % shape Shape o f the g r id

13 % or i g i na l r owsd s Rows in we l l s that are ' f u r t h e r l e f t ' .

14 % sh i f t ed rowsds Rows in we l l s that are ' f u r t h e r r ight ' .

15 % simstep_max Number o f s imu la t i on s

16 % we l l s simstep_max matr i ce s o f s i z e ( nrows , nco ls , 4 ) -

17 % rep r e s en t i ng the g r id we get from the data s e t - with

18 % en t r i e s o f e i t h e r 0 or 1 .

19 % F i r s t coord inate : row

20 % Second coord inate : column

21 % Third coord inate : 1 : I nd i c a t o r whether we l l i s part o f

22 % the area o f i n t e r e s t . I e i f

23 % we l l sd s .w ( i , j , 1 )==1 that we l l i s

24 % going to be part o f the f i n a l g r id

25 % and o f the c a l c u l a t i o n s . I f

26 % we l l sd s .w ( i , j , 1 )==0, we ignore that

27 % we l l f o r a l l our c a l c u l a t i o n s .

28 % 2 : Ind i c a t o r i f red (1=we l l i s f i l l e d

29 % with red seed , 0=we l l i s not f i l l e d

30 % with red seed )

31 % 3 : Ind i c a t o r o f green

32 % 4 : Ind i c a t o r o f blue

33 % t o t a lw e l l s Number o f we l l s that could po s s i b l y have a c o l o r .

34 % th r e shwe l l Number o f s eeds that w i l l be put in to we l l s

35 % indexed_wel ls we l l s ( : , : , 1 , : ) has i nd i c a t o r v a r i a b l e s 0 and 1 ;

36 % indexed_wel ls w i l l index the l o c a t i o n s o f 1 s in

37 % in c r e a s i n g order , 0 s w i l l remain 0

38 % rpwe l l s Permutation o f t o t a l w e l l s

39 % i n i w e l l s The we l l s be f o r e contamination ( a f t e r s eed ing ) . Needed

40 % f o r v i s u a l i z a t i o n

41 % edges simstep_max matr i ce s o f s i z e ( nrows , nco ls , 3)

42 % matrix whose e n t r i e s ( i , j , k ) are i nd i c a t o r

43 % va r i a b l e s o f edges between we l l ( i , j ) and i t s

44 % neighbor to the (k=1) r ight , ( k=2) r i gh t down ,

45 % (k=3) l e f t down.

46 % t o t a l e d g e l o c a t i o n s Number o f edges that could po s s i b l y be open.

47 % threshedge Number o f edges that w i l l be put in to edge s .

48 % indexed_edges max_edges in msm.m has i nd i c a t o r v a r i a b l e s 0 and 1 ;

49 % indexed_edges w i l l index the l o c a t i o n s o f 1 s in

50 % in c r e a s i n g order , 0 s w i l l remain 0 .

51 % rpedges Permutation o f t o t a l e d g e l o c a t i o n s

52 % simstep Number o f cur rent s imu la t i on

53 % lambda=[x ; y ; z ] Seeding ra t e f o r the three c o l o r s

54 % mu Contamination ra t e ( p r obab i l i t y o f any given
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55 % undi rec ted edge being open )

56 % v i z u a l i z e In format ion about i f s imulat ion .m v i s u a l i z e s

57 % the s imu la t i on or not ( i f v i s u a l i z e==1 => v i s u a l i z e )

58 %

59 %

60 %

61 % Fe l i x Beck , Bence Melykuti ( Un ive r s i ty o f Freiburg , Germany)

62 % 16/7/2015

63

64 % Set t ing o r i g i n a l r ows & sh i f t ed rows f o r z e ro ing out the i nd i c a t o r o f the

65 % l a s t we l l in every odd row.

66 i f shape==0;

67 o r i g i n a l r ows =2:2: nrows ;

68 sh i f t ed rows =1:2: nrows ;

69 e l s e % shape=1

70 o r i g i n a l r ows =1:2: nrows ;

71 sh i f t ed rows =2:2: nrows ;

72 end

73

74 % lambda=[0 .1 , 0 .2 , 0 . 3 ] ; % For t e s t i n g reasons

75 % mu=0.04 ; % For t e s t i n g reasons

76

77 th r e shwe l l=round ( lambda* t o t a l w e l l s ) ;

78 % We use the random permutations rpwe l l s so that the propor t i ons o f ...
seeded we l l s are very ac cu ra t e l y the r e s p e c t i v e parameters .

79 % rpwe l l s ( 1 : th r e shwe l l ( i ) , i , s imstep ) ; - - Gives index va lues ; the ...
p l a c e s in indexed_wel ls where these va lues are found are those ...
that must get the s e e d s .

80 % The e n t r i e s o f we l l s with the four coo rd ina t e s

81 % [ j1 j2 ]= f i nd ( indexed_wel ls==rpwe l l s ( j , i , s imstep ) ) , i +1, s imstep

82 % w i l l get a seed o f co l our i .

83 f o r s imstep=1:simstep_max

84 f o r i =1:3

85 f o r j =1: th r e shwe l l ( i )

86 [ j1 , j 2 ]= f i nd ( indexed_wel ls==rpwe l l s ( j , i , s imstep ) ) ;

87 we l l s ( j1 , j2 , i +1, s imstep )=1;

88 we l l s ( : , : , 1 , s imstep )=we l l s ( : , : , 1 , 1 ) ; % Adjust area o f ...
i n t e r e s t f o r a l l s imu la t i on s

89 end

90 end

91 end

92 i n i w e l l s=we l l s ;

93

94

95 threshedge=round (mu* t o t a l e d g e l o c a t i o n s ) ;

96

97 % We use the random permutations rpedges so that the proport ion o f ...
open edges i s very ac cu ra t e l y the r e s p e c t i v e parameter .

98 % rpedges ( 1 : threshedge , s imstep ) ; - - Gives index va lues ; the p l a c e s in ...
indexed_edges where these va lues are found are those that w i l l get ...
the open edge s .

99 % The e n t r i e s o f edges with these four coo rd ina t e s :

100 % ind2sub ( [ nrows , nco ls , 3 ] , f i nd ( indexed_edges==rpedges ( i , s imstep ) ) ) , ...
s imstep

101 % w i l l get an edge . Here we cannot use f i nd on i t s own as there are 3 ...
coord inates , not only 2 . The way we use i t g i v e s a l i n e a r index .

102



B. MATLAB CODE II: ESTIMATION BY MSM 97

103 f o r s imstep=1:simstep_max

104 f o r i =1: threshedge

105 [ i1 , i2 , i 3 ]= ind2sub ( [ nrows , nco ls , 3 ] , ...
f i nd ( indexed_edges==rpedges ( i , s imstep ) ) ) ;

106 edges ( i1 , i2 , i3 , s imstep )=1;

107 end

108

109 edges3d=edges ( : , : , : , s imstep ) ; % Transform edges in to 3D to g ive ...
c o r r e c t input f o r contamination.m

110 % Find a l l the contaminated we l l s

111 i f s imstep==1 % For v i s u a l i z a t i o n o f the f i r s t s imu la t i on

112 [ e d g e l i s t , components1 ]= contamination ( edges3d , nrows , nco ls , ...
sh i f t edrows , o r i g i n a l r ows ) ;

113 e l s e

114 [ ~ , components1 ]= contamination ( edges3d , nrows , nco ls , ...
sh i f t edrows , o r i g i n a l r ows ) ;

115 end

116

117

118 we l l s3d=we l l s ( : , : , : , s imstep ) ; % Transform we l l s f o r each ...
s imu la t i on in to 3D

119 f o r i =1: s i z e ( components1 , 2 ) % Loop f o r a l l connected components o f ...
contamination

120 f o r j =2:4 % Loop f o r a l l c o l o r s RGB

121 comp=components1{ i }+( j - 1 ) *nrows* nco l s ; % ( j - 1 ) *nrows* nco l s ...
because o f dimension o f we l l s => 'Jumps ' i n to next matrix

122 we l l s3d (comp)=max( we l l s3d (comp) ) ; % Apply contamination ...
f o r connected component i and co l o r j

123 end

124 end

125 we l l s ( : , : , : , s imstep )=we l l s3d ; %Transform we l l s back in to 4D

126 end

127

128 % Vi sua l i z e f i r s t s imu la t i on be f o r e and a f t e r contamination ( i f optimal

129 % est imator a l r eady found )

130 i f v i s u a l i z e==1

131 % Create g r id with hexa func t i on

132 hexa ( nrows , nco ls , we l l s ( : , : , : , 1 ) , i n i w e l l s ( : , : , : , 1 ) , shape , 0 ) ;

133 f o r l =1:2

134 subplot (1 ,2 , l ) ; % Plot 1 : we l l s b e f o r e contamination ; Plot 2 : ...
we l l s a f t e r contamination

135 i f l==1

136 t i t l e ( ' F i r s t s imu la t i on be f o r e contamination ' )

137 e l s e

138 t i t l e ( ' F i r s t s imu la t i on a f t e r contamination ' )

139 end

140

141 hold on

142 f o r i =1: s i z e ( e d g e l i s t , 2 ) % Add open edges / connected components ...
to f i g u r e s

143 i f shape==0

144 p lo t ( [ e d g e l i s t (2 , i ) + 0 .5 -0 . 5 * (1 -mod( e d g e l i s t (1 , i ) , ...
2) ) , e d g e l i s t (4 , i ) + 0 .5 -0 . 5 * ...
(1 -mod( e d g e l i s t (3 , i ) , 2) ) ] , [ e d g e l i s t (1 , i ) , ...
e d g e l i s t (3 , i ) ] , 'w ' , ' Linewidth ' , 1 . 5 ) ; % Adjust x - ax i s

145 e l s e % shape==1
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146 p lo t ( [ e d g e l i s t (2 , i ) + 0 .5 -0 . 5 * (mod( e d g e l i s t (1 , i ) , ...
2) ) , e d g e l i s t (4 , i ) + 0 .5 -0 . 5 * (mod( e d g e l i s t (3 , i ) , ...
2) ) ] , [ e d g e l i s t (1 , i ) , e d g e l i s t (3 , i ) ] , 'w ' , ...
' Linewidth ' , 1 . 5 ) ; % Adjust x - ax i s

147 end

148 end

149 hold o f f

150 end

151 end

152

153 end
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1 func t i on [ e d g e l i s t , components1 ]= contamination ( edges , nrows , nco ls , ...
sh i f t edrows , o r i g i n a l r ows )

2 % CONTAMINATION.m c r e a t e s from the matrix edges the l i s t o f edges in a

3 % 4 - row matrix , e d g e l i s t and a c e l l array o f connected components by

4 % breadth - f i r s t s e a r ch .

5 %

6 %

7 % EXPLANATION OF VARIABLES

8 %

9 % edges simstep_max matr i ce s o f s i z e ( nrows , nco ls , 3) matrix

10 % whose e n t r i e s ( i , j , k ) are i nd i c a t o r v a r i a b l e s o f edges

11 % between we l l ( i , j ) and i t s ne ighbor to the (k=1) r ight ,

12 % (k=2) r i gh t down , (k=3) l e f t down.

13 % e d g e l i s t L i s t o f the edges ( connected ne ighbors ) o f s i z e ...
(4 , no .

14 % of edges ) . Each column s t o r e s an edge (v_1 , v_2) as

15 % [ rowindex (v_1) ; co l i ndex (v_1) ; rowindex (v_2) ; ...
co l i ndex (v_2) ] .

16 % o r i g i n a l r ows Rows that are ' f u r t h e r l e f t ' . See exp lanat ion o f shape

17 % in msm.m.

18 % sh i f t ed rows Rows that are ' f u r t h e r r ight ' . See exp lanat ion o f shape

19 % in msm.m.

20 % ed g e l i s t 1 e d g e l i s t converted to s i z e (2 , no . o f edges ) by

21 % sub2ind , i e . each ver tex i s indexed by a l i n e a r index .

22 % Each column s t o r e s a [ l i n e a r i nd ex (v_1) ; ...
l i n e a r i nd ex (v_2) ] .

23 % components1{ i } Matrix which conta in s in one row the elements o f the

24 % i ' th connected component ( l i n e a r index ing ) . I t s purpose

25 % i s that each we l l with in a connected component w i l l

26 % u l t imat e l y have the same c o l o r .

27 % edg e l i s t q 1 Queue o f edge s . Created as a copy o f edg e l i s t 1 , the

28 % v i s i t e d edges are removed from i t un t i l i t i s empty.

29 % vtov Ve r t i c e s to v i s i t . A row vector o f v e r t i c e s which have

30 % been d i s cove r ed as ne ighbors o f an a l ready v i s i t e d

31 % element o f the cur rent components1{ i } .

32 %

33 % Fe l i x Beck , Bence Melykuti ( Un ive r s i ty o f Freiburg , Germany)

34 % 12/8/2015

35

36

37 e d g e l i s t=ze ro s (4 , 0 ) ;

38

39 % For r ight - arrows

40 [ i , j ]= f i nd ( edges ( : , : , 1 ) ) ; % Find row and column i nd i c e s o f a l l ...
nonzero e lements o f edges ( : , : , 1 )

41

42 % 1 s t coord inate : row i nd i c e s o f 1 s t v e r t i c e s o f edges

43 % 2nd coord inate : column i nd i c e s o f the same v e r t i c e s

44 % 3rd coord inate : row i nd i c e s o f 2nd v e r t i c e s o f edges

45 % 4th coord inate : column i nd i c e s o f the same v e r t i c e s

46 e d g e l i s t =[ e d g e l i s t [ i ' ; j ' ; i ' ; j '+1 ] ] ;

47

48

49 % Analogue f o r r ight - down arrow

50 [ i , j ]= f i nd ( edges ( sh i f t ed rows ( : ) , : , 2 ) ) ;

51 e d g e l i s t =[ e d g e l i s t [ s h i f t ed rows ( i ) ; j ' ; s h i f t ed rows ( i )+1; j '+1 ] ] ;

52
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53 [ i , j ]= f i nd ( edges ( o r i g i n a l r ows ( : ) , : , 2 ) ) ;

54 e d g e l i s t =[ e d g e l i s t [ o r i g i n a l r ow s ( i ) ; j ' ; o r i g i n a l r ow s ( i )+1; j ' ] ] ;

55

56 % Analogue f o r l e f t - down arrow

57 [ i , j ]= f i nd ( edges ( sh i f t ed rows ( : ) , : , 3 ) ) ;

58 e d g e l i s t =[ e d g e l i s t [ s h i f t ed rows ( i ) ; j ' ; s h i f t ed rows ( i )+1; j ' ] ] ;

59 [ i , j ]= f i nd ( edges ( o r i g i n a l r ows ( : ) , : , 3 ) ) ;

60 e d g e l i s t =[ e d g e l i s t [ o r i g i n a l r ow s ( i ) ; j ' ; o r i g i n a l r ow s ( i )+1; j ' - 1 ] ] ;

61

62

63 % Converting the r ep r e s en t a t i on o f we l l s in e d g e l i s t from ( row , c o l ) ...
to ( co l - 1 ) *nrows+row ( from 2 coo rd ina t e s to 1) .

64 % The breadth - f i r s t search (BFS) implemented t h i s way i s f a s t e r .

65 e d g e l i s t 1 =[ sub2ind ( [ nrows nco l s ] , e d g e l i s t ( 1 , : ) , e d g e l i s t ( 2 , : ) ) ; ...
sub2ind ( [ nrows nco l s ] , e d g e l i s t ( 3 , : ) , e d g e l i s t ( 4 , : ) ) ] ;

66

67

68 % We s t a r t with the f i r s t edge in e d g e l i s t q 1 . Put i t s endpoints in to both

69 % components1{ i } and vtov . Remove t h i s edge from e d g e l i s t q 1 .

70 %

71 % While vtov not empty : Take f i r s t element from vtov . k2 : a l l edges from

72 % edg e l i s t q 1 which have vtov (1) in the second row. Re s t r i c t k2 to k which

73 % are those where the neighbor o f vtov (1) in the f i r s t row i s not in

74 % components1{ i } y e t . Put these ne ighbors in to both components1{ i } and

75 % vtov . Remove the k2 edges from edg e l i s t q 1 as these have been t r a v e r s e d .

76 % Repeat with k1 : a l l edges from edg e l i s t q 1 which have vtov (1) in the f i r s t

77 % row. Remove vtov (1) from vtov . When vtov i s empty , then the ...
component has

78 % been f u l l y exp l o r ed . I f the re i s s t i l l an edge l e f t in edge l i s t q1 , then

79 % i t s t a r t s a new component.

80

81 components1=c e l l (1 ) ;

82 e d g e l i s t q 1=ed g e l i s t 1 ;

83 i =1;

84

85 whi le s i z e ( edge l i s t q1 , 2 )>0

86 % Star t the new component with endve r t i c e s o f f i r s t edge o f e d g e l i s t q 1

87 components1{ i }=[ e d g e l i s t q 1 (1 , 1 ) e d g e l i s t q 1 (2 , 1 ) ] ; vtov=components1{ i } ;

88 e d g e l i s t q 1 ( : , 1 ) = [ ] ;

89 whi le l ength ( vtov )>0

90 k2=f ind ( e d g e l i s t q 1 ( 2 , : )==vtov (1) ) ; % Elements in e d g e l i s t q 1 ...
where the ver tex vtov (1) i s the second vertex

91 k = [ ] ;

92 f o r l =1: l ength ( k2 ) % Look through the ne ighbors k2 and only ...
keep the ones that are not in components1{ i }

93 i f any ( e d g e l i s t q 1 (1 , k2 ( l ) )==components1{ i })==0

94 k=[k k2 ( l ) ] ; % k has the i n d i c e s o f a l l ne ighbors o f ...
vtov (1) that are not yet in components1{ i } when ...
vtov (1) i s in the second row o f e d g e l i s t q 1

95 end

96 end

97 components1{ i }=[ components1{ i } e d g e l i s t q 1 (1 , k ) ] ;

98 vtov=[vtov edg e l i s t q 1 (1 , k ) ] ;

99 e d g e l i s t q 1 ( : , k2 ) = [ ] ;

100

101 % Do th i s a l s o when vtov (1) i s in the f i r s t row o f e d g e l i s t q 1
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102 k1=f ind ( e d g e l i s t q 1 ( 1 , : )==vtov (1) ) ; % Elements in e d g e l i s t q 1 ...
where the ver tex vtov (1) i s the f i r s t ver tex

103 k = [ ] ;

104 f o r l =1: l ength ( k1 ) % Look through the ne ighbors k1 and only ...
keep the ones that are not in components1{ i }

105 i f any ( e d g e l i s t q 1 (2 , k1 ( l ) )==components1{ i })==0

106 k=[k k1 ( l ) ] ; % k has the i n d i c e s o f a l l ne ighbors o f ...
vtov (1) that are not yet in components1{ i } when ...
vtov (1) i s in the f i r s t row o f e d g e l i s t q 1

107 end

108 end

109 components1{ i }=[ components1{ i } e d g e l i s t q 1 (2 , k ) ] ;

110 vtov=[vtov edg e l i s t q 1 (2 , k ) ] ;

111 ed g e l i s t q 1 ( : , k1 ) = [ ] ;

112

113 vtov (1) = [ ] ;

114 end % of whi le l ength ( vtov )>0

115 i=i +1;

116 end % of whi le s i z e ( edge l i s t q1 , 2 )>0

117 end
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1 func t i on epsilon_new=optim ( param , nrows , nco l s , shape , simstep_max , ...
dsRGB, dstwocol , dsnb , max_edges , t o t a lw e l l s , indexed_wells , ...
rpwe l l s , we l l s , t o t a l e dg e l o c a t i on s , indexed_edges , rpedges , edges )

2 % OPTIM.m computes the ob j e c t i v e func t i on f o r the opt imizat i on o f parameter

3 % va lues with given va lues o f lambda and mu. The matr i ce s f o r the ...
s imu la t i on

4 % ( i e . we l l s ) are r e c e i v ed from simulat ion .m and the moments needed f o r

5 % the opt imizat i on from s imca l c s .m .

6 %

7 % NOTE: The d i f f e r e n c e between optim.m and optim_output.m i s the ...
number o f

8 % outputs ( and the va r i ab l e v i s u a l i z e ) . This i s because the ' r ea l '

9 % optim.m that d e l i v e r s the ob j e c t i v e func t i on f o r the opt imiza t i on can

10 % only have l im i t ed output s .

11 %

12 %

13 % EXPLANATION OF VARIABLES

14 %

15 % param Current va lues o f [ lamda ,mu]

16 % simstep_max Number o f s imu la t i on s

17 % o r i g i n a l r ows Rows that are ' f u r t h e r l e f t ' . See exp lanat ion o f

18 % shape in msm.m.

19 % sh i f t ed rows Rows that are ' f u r t h e r r ight ' . See exp lanat ion o f

20 % shape in msm.m.

21 % we l l s Matrix o f s i z e ( nwors , nco l s , 4 , simstep_max ) . Each

22 % s imula t i on step has one matrix o f s i z e

23 % ( nrows , nco ls , 4 ) . ( : , : , 1 ) r ep r e s en t s the

24 % area o f i n t e r e s t . ( : , : , 2 : 4 ) r ep r e s en t the ...
we l l s o f

25 % the data s e t that can be f i l l e d with R, G or B

26 % ( e . g . i f we l l ( i , j ) o f the f i r s t s imu la t i on i s

27 % f i l l e d with green co lo r , we l l s ( i , j , 3 , 1 ) =1, e l s e

28 % 0) .

29 % t o t a lw e l l s Number o f we l l s that could po s s i b l y have a c o l o r .

30 % indexed_wel ls we l l s ( : , : , 1 , : ) has i nd i c a t o r v a r i a b l e s 0 and 1 ;

31 % indexed_wel ls w i l l index the l o c a t i o n s o f 1 s in

32 % in c r e a s i n g order , 0 s w i l l remain 0

33 % rpwe l l s Permutation o f t o t a l w e l l s

34 % edges simstep_max matr i ce s o f s i z e ( nrows , nco ls , 3)

35 % matrix whose e n t r i e s ( i , j , k ) are i nd i c a t o r

36 % va r i a b l e s o f edges between we l l ( i , j ) and i t s

37 % neighbor to the (k=1) r ight , ( k=2) r i gh t down ,

38 % (k=3) l e f t down.

39 % t o t a l e d g e l o c a t i o n s Number o f edges that could po s s i b l y be open.

40 % indexed_edges max_edges has i nd i c a t o r v a r i a b l e s 0 and 1 ;

41 % indexed_edges w i l l index the l o c a t i o n s o f 1 s in

42 % in c r e a s i n g order , 0 s w i l l remain 0 .

43 % rpedges Permutation o f t o t a l e d g e l o c a t i o n s .

44 % nrows Number o f rows

45 % nco l s Number o f columns

46 % shape Shape o f the g r id

47 % max_edges Matrix o f s i z e ( nrows , nco ls , 3 ) that c a r r i e s

48 % in format ion about i f the re can po s s i b l y be

49 % contamination between we l l ( i , j ) and i t s n e i ghbo r s .

50 % The l a s t dimension r ep r e s en t s the three d i r e c t i o n s

51 % of p o s s i b l e contaminat ion . Edge d i r e c t i o n : 1=r ight ,

52 % 2=r i gh t down , 3= l e f t down. E .g . i f the re could be
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53 % contamination between we l l ( i , j ) and i t s r i g h t down

54 % neighbor , max_edges ( i , j , 2 )==1. I f the re cannot be

55 % contamination ( i e the neighbor l i e s ou t s ide the

56 % area o f i n t e r e s t ) , max_edges ( i , j , 2 )==0.

57 % d_RGB Normalized squared d i s t an c e s o f averages o f s i n g l e

58 % co l o r s [R,G,B] over a l l we l l s , between data s e t

59 % and s imu la t i on s

60 % d_twocol Normalized squared d i s t an c e s o f averages o f

61 % mul t ip l e c o l o r s [RG,RB,GB] in one we l l over a l l

62 % wel l s , between data s e t and s imu la t i on s ( cu r r en t l y

63 % decided not to be important and s e t to zero )

64 % d_nbRGB Normalized squared d i s t an c e s o f averages o f same

65 % co lo r ed [R,G,B] ne ighbors over a l l p o s s i b l e

66 % edges , between data s e t and s imu la t i on s

67 % dsRGB [R,G,B] - vec to r o f wel l - average o f c o l o r f o r data

68 % se t

69 % dstwocol [RG,RB,GB] - vec to r o f wel l - average o f mu l t ip l e

70 % co l o r s in one we l l f o r data s e t

71 % dsnb [R,G,B] - vec to r o f wel l - average o f same co l o r ed

72 % ne ighbors f o r data s e t

73 % abst (3 , 3 ) matrix with a l l the above d i s t an c e s

74 % epsilon_new Sum of a l l d i s t an c e s ( which i s to be minimized )

75 %

76 %

77 % Fe l i x Beck , Bence Melykuti ( Un ive r s i ty o f Freiburg , Germany)

78 % 16/7/2015

79

80

81 lambda=param ( 1 : 3 ) ;

82 mu=param (4) ;

83

84

85 % Star t s imu la t i on ( s )

86 [ we l l s , sh i f t edrows , o r i g i n a l r ows ]= s imu la t i on ( nrows , nco ls , shape , ...
lambda , mu, 0 , t o t a lw e l l s , simstep_max , indexed_wells , rpwe l l s , ...
wel l s , t o t a l e dg e l o c a t i on s , indexed_edges , rpedges , edges ) ;

87

88 % Get averages from s imca l c s

89 [ avRGB, avtwocol , avnb ] = s imca l c s ( ...
nrows , nco ls , sh i f t edrows , o r i g ina l r ows , we l l s , max_edges ) ; % ...
Ca l cu l a t i on s f o r s imu la t i on s

90

91 % Pre s e t t i ng f o r abso lu te d i s t an c e s between data s e t and s imu la t i on s

92 d_RGB=ze ro s (1 , 3 ) ;

93 d_twocol=ze ro s (1 , 3 ) ;

94 d_nbRGB=ze ro s (1 , 3 ) ;

95

96 %( squared ) d i s t an c e s between data s e t and s imu la t i on s

97 f o r i =1:3

98 i f dsRGB( i ) ~=0

99 d_RGB( i )=((dsRGB( i ) -avRGB( i ) ) /dsRGB( i ) ) ^2;

100 e l s e

101 d_RGB( i )=(dsRGB( i ) -avRGB( i ) ) ^2;

102 end

103 i f dstwocol ( i ) ~=0

104 d_twocol ( i ) =0*(( dstwocol ( i ) - avtwocol ( i ) ) / dstwocol ( i ) ) ^2;

105 e l s e
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106 d_twocol ( i )=0*( dstwocol ( i ) - avtwocol ( i ) ) ^2;

107 end

108 i f dsnb ( i ) ~=0

109 d_nbRGB( i )=((dsnb ( i ) - avnb ( i ) ) /dsnb ( i ) ) ^2;

110 e l s e

111 d_nbRGB( i )=(dsnb ( i ) - avnb ( i ) ) ^2;

112 end

113 end

114

115 % opt imize the maximum of the c a l cu l a t ed d i s t an c e s to get the best p o s s i b l e

116 % est imator f o r lambda and mu

117 abst=[d_RGB; d_twocol ;d_nbRGB ] ;

118 epsilon_new=sum( abst ( : ) ) ;

119

120 end
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1 func t i on hexa ( nrows , nco ls , we l l s , i n iw e l l s , shape , plotmode )

2 % HEXA.m v i s u a l i z e s s imu l a t i o n s . I t f i r s t c r e a t e s a hexagonal g r id and

3 % then adds the corresponding c o l o r to each spo t .

4 %

5 %

6 % EXPLANATION OF VARIABLES

7 %

8 % shr Shrinkage parameter i s in ( 0 , 1 ] , shows how much the spot s

9 % are shrunk r e l a t i v e to the c i r cumscr ibed spots

10 % nrows Number o f rows

11 % nco l s Number o f columns

12 % shape Shape o f the g r id

13 % plotmode Mode o f p l o t t i n g :

14 % 0 : Plot the f i r s t s imu la t i on be f o r e and a f t e r

15 % contamination

16 % 1 : Plot o r i g i n a l image and recogn i z ed g r id with c o l o r s

17 % to check i f f i t i s good enough f o r user ' s needs

18 % i n i w e l l s I f plotmode==0, i n i w e l l s i s the same as the va r i ab l e we l l s

19 % be fo r e contaminat ion .

20 % I f plotmode==1, i n i w e l l s conta in s three matr i ce s conta in ing

21 % RGB data with the correspond ing coo rd ina t e s in the image

22 % ( see I_o r i g i na l in

23 % automat ic_gr id_f i t t ing_perspect ive_c l i ck .m )

24 % we l l s Cons i s t s o f f our d i f f e r e n t 2 - d imens iona l

25 % matr i ce s with the column and row s i z e o f the

26 % data s e t g r i d . The second , th i rd and four th

27 % matrix r ep r e s en t R, G and B. Whenever a spot

28 % i s f i l l e d with a co lo r , the cor responding

29 % matrix entry i s s e t to 1 . Whenever there i s no

30 % co l o r in the spot , the matrix entry remains

31 % 0 . The f i r s t matrix i n d i c a t e s the ' area o f

32 % in t e r e s t ' ( i n i t i a l l y a l l the e n t r i e s are 1) .

33 % E.g . i t can happen that some part s o f a column

34 % or row are not with in the l im i t s o f our

35 % o r i g i n a l image. I f that happens , the

36 % correspond ing area o f i n t e r e s t matrix entry i s

37 % se t to 0 . Whenever there i s a 0 entry in the

38 % area o f i n t e r e s t matrix , the corresponding

39 % R/G/B matrix e n t r i e s w i l l be ignored f o r any

40 % fu r th e r c a l c u l a t i o n s . E .g . l e t us assume

41 % we l l s ( 1 , 5 , 1 )=0 . I f that happens ,

42 % we l l s ( 1 , 5 , 2 : 4 ) w i l l be ignored in any fu r th e r c a l c u l a t i o n s

43 % and the g r id w i l l c o n s i s t o f one g r id po int l e s s .

44 % co l o r s Vector with row and co l numbers o f co l o r ed we l l s

45 % co l o r Vector conta in ing the corresponding c o l o r to each ...
entry in

46 % co l o r s

47 %

48 %

49 % Fe l i x Beck , Maja Temerinac - Ott , Bence Melykuti ( Un ive r s i ty o f ...
Freiburg , Germany)

50 % 16/7/2015

51

52

53

54

55 shr=0. 8 ;
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56

57 [X, Y] = meshgrid ( - 1 : n co l s +1 ,0: nrows+1) ; % Create wel l - c en t e r s

58 m = s i z e (X, 1 ) ; % == nrows+2

59 n = s i z e (X, 2 ) ; % == nco l s+3

60

61 % Adjust g r id accord ing to shape

62 i f shape == 0

63 i f mod(m, 2 )==0

64 X = X + repmat ( [ 0 ; 0 . 5 ] , [m/2 ,n ] ) ; % Sh i f t x - ax i s

65 e l s e

66 X = X + [ repmat ( [ 0 ; 0 . 5 ] , [ f l o o r (m/2) ,n ] ) ; z e r o s (1 , n) ] ;

67 end

68 e l s e % shape==1

69 i f mod(m, 2 )==0

70 X = X + repmat ( [ 0 . 5 ; 0 ] , [m/2 ,n ] ) ; % Sh i f t x - ax i s

71 e l s e

72 X = X + [ repmat ( [ 0 . 5 ; 0 ] , [ f l o o r (m/2) ,n ] ) ; 0 . 5 * ones (1 , n) ] ;

73 end

74 end

75

76 % Prepare p l o t s

77 f i g u r e ;

78 subplot (1 , 2 , 1 ) ; % F i r s t g r id shows we l l s be f o r e contamination

79 i f plotmode==0 % I f plotmode==0, the f i r s t p l o t i s the f i r s t ...
s imu la t i on be f o r e contamination

80 % [XV, YV] = voronoi (X( : ) ,Y( : ) ) ; % voronoi can be ac t i va t ed to ...
v i s u a l i z e the ( hexagonal ) g r id

81 % p lo t (XV,YV, 'w ' )

82 subplot (1 , 2 , 2 ) ; % Second gr id shows we l l s a f t e r contamination

83 % plo t (XV,YV, 'w ' )

84 e l s e

85 imshow( uint8 ( i n i w e l l s ) ) ; t i t l e ( ' Or ig ina l image ' ) % I f plotmode==1, ...
the f i r s t p l o t i s the o r i g i n a l image

86 subplot (1 , 2 , 2 ) ; % Second gr id shows recogn i zed g r id with c o l o r s

87 hold on

88 t i t l e ( 'The l o c a t i o n o f r ecogn i zed spot s ' )

89 s e t ( gca , 'XTickLabel ' , [ ] ) % Remove l a b e l s from second p lo t

90 s e t ( gca , 'YTickLabel ' , [ ] )

91 hold o f f

92 end

93

94

95 f o r l =2: -1 :1

96 i f l==1 % Before contamination

97 we l l s 1=i n i w e l l s ;

98 e l s e % After contamination

99 we l l s 1=we l l s ;

100 end

101 c o l o r s=ze ro s (2 , 0 ) ;

102 c o l o r= ' ' ;

103

104 % Find matrix e n t r i e s with red , green or blue c o l o r and save in to ...
c o l o r s

105 [ rrow , ...
r c o l ]= f i nd ( we l l s 1 ( : , : , 2 ) . *(1 - we l l s 1 ( : , : , 3 ) ) . *(1 - we l l s 1 ( : , : , 4 ) ) ) ; ...
% Find red e n t r i e s

106 c o l o r s =[ c o l o r s [ rrow r c o l ] ' ] ;
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107 co l o r=repmat ( ' r ' , [ 1 l ength ( rrow ) ] ) ;

108 [ grow , ...
gco l ]= f i nd ( (1 - we l l s 1 ( : , : , 2 ) ) . *we l l s 1 ( : , : , 3 ) . *(1 - we l l s 1 ( : , : , 4 ) ) ) ; ...
% Find green e n t r i e s

109 c o l o r s =[ c o l o r s [ grow gco l ] ' ] ;

110 c o l o r =[ c o l o r repmat ( ' g ' , [ 1 l ength ( grow ) ] ) ] ;

111 [ brow , ...
bco l ]= f i nd ( (1 - we l l s 1 ( : , : , 2 ) ) . *(1 - we l l s 1 ( : , : , 3 ) ) . *we l l s 1 ( : , : , 4 ) ) ; ...
% Find blue e n t r i e s

112 c o l o r s =[ c o l o r s [ brow bco l ] ' ] ;

113 c o l o r =[ c o l o r repmat ( 'b ' , [ 1 l ength ( brow ) ] ) ] ;

114

115 % Find matrix e n t r i e s with two or three c o l o r s and save in to c o l o r s

116 [ yrow , ...
yco l ]= f i nd ( we l l s 1 ( : , : , 2 ) . *we l l s 1 ( : , : , 3 ) . *(1 - we l l s 1 ( : , : , 4 ) ) ) ; % ...
Find ye l low ( red&green ) e n t r i e s

117 c o l o r s =[ c o l o r s [ yrow yco l ] ' ] ;

118 c o l o r =[ c o l o r repmat ( 'y ' , [ 1 l ength ( yrow ) ] ) ] ;

119 [ crow , ...
c c o l ]= f i nd ( (1 - we l l s 1 ( : , : , 2 ) ) . *we l l s 1 ( : , : , 3 ) . *we l l s 1 ( : , : , 4 ) ) ; % ...
Find cyan ( green&blue ) e n t r i e s

120 c o l o r s =[ c o l o r s [ crow c co l ] ' ] ;

121 c o l o r =[ c o l o r repmat ( ' c ' , [ 1 l ength ( crow ) ] ) ] ;

122 [mrow , ...
mcol ]= f i nd ( we l l s 1 ( : , : , 2 ) . *(1 - we l l s 1 ( : , : , 3 ) ) . *we l l s 1 ( : , : , 4 ) ) ; % ...
Find magenta ( red&blue ) e n t r i e s

123 c o l o r s =[ c o l o r s [mrow mcol ] ' ] ;

124 c o l o r =[ c o l o r repmat ( 'm ' , [ 1 l ength (mrow) ] ) ] ;

125 [ wrow , wcol ]= f i nd ( we l l s 1 ( : , : , 2 ) . *we l l s 1 ( : , : , 3 ) . *we l l s 1 ( : , : , 4 ) ) ; % ...
Find white ( red&green&blue ) e n t r i e s

126 c o l o r s =[ c o l o r s [ wrow wcol ] ' ] ;

127 c o l o r =[ c o l o r repmat ( 'w ' , [ 1 l ength (wrow) ] ) ] ;

128

129 % Prepare c o l o r v a r i ab l e f o r p l o t t i n g c o l o r s in to corresponding g r id

130 subplot (1 ,2 , l ) ; % Se l e c t g r id

131

132 % Pre s e t t i n g s f o r subo l o t s in the loop

133 s e t ( gca , ' c o l o r ' , 'k ' , 'XAxisLocation ' , ' top ' , 'YDir ' , ' r e v e r s e ' )

134 ax i s ( [ 0 nco l s+1. 5 0 nrows+1]) ;

135 daspect ( [ s q r t (3 ) , 2 , 1 ] ) ; % Determine the r e l a t i v e s c a l i n g o f the ...
data un i t s a long the axes

136

137 f o r k=1: s i z e ( co l o r s , 2 ) % For a l l the c o l o r e n t r i e s

138

139 % F i l l spot s with correspond ing c o l o r

140 i=c o l o r s (1 , k ) ; % Row number o f cur rent spot

141 j=c o l o r s (2 , k ) ; % Column number o f cur rent spot

142

143 % Add correspond ing c o l o r to cur rent spot by us ing the ...
coo rd ina t e s o f the cur rent spot and f i l l i n g i t with patch

144 i f shape==0

145 i f mod( i , 2 )==0

146 patch ( [ j , j+shr *0 .5 , j+shr *0 .5 , j , j - shr *0 .5 , ...
j - shr *0 . 5 ] , [ i - shr *5/8 , i - shr *3/8 , i+shr *3/8 , ...
i+shr *5/8 , i+shr *3/8 , i - shr *3/8 ] , c o l o r ( k ) )

147 e l s e
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148 patch ( [ j , j+shr *0 .5 , j+shr *0 .5 , j , j - shr *0 .5 , ...
j - shr *0 . 5 ] + 0 . 5 * ones (1 , 6 ) , [ i - shr *5/8 , i - shr *3/8 , ...
i+shr *3/8 , i+shr *5/8 , i+shr *3/8 , i - shr *3/8 ] , c o l o r ( k ) )

149 end

150

151 e l s e % shape==1

152 i f mod( i , 2 )==0

153 patch ( [ j , j+shr *0 .5 , j+shr *0 .5 , j , j - shr *0 .5 , ...
j - shr *0 . 5 ] + 0 . 5 * ones (1 , 6 ) , [ i - shr *5/8 , i - shr *3/8 , ...
i+shr *3/8 , i+shr *5/8 , i+shr *3/8 , i - shr *3/8 ] , c o l o r ( k ) )

154 e l s e

155 patch ( [ j , j+shr *0 .5 , j+shr *0 .5 , j , j - shr *0 .5 , ...
j - shr *0 . 5 ] , [ i - shr *5/8 , i - shr *3/8 , i+shr *3/8 , ...
i+shr *5/8 , i+shr *3/8 , i - shr *3/8 ] , c o l o r ( k ) )

156 end

157 end

158 end

159

160

161 i f plotmode==1 % I f plotmode==1, the f i r s t p l o t s tays untouched ; ...
Exit the loop

162 break

163 end

164

165 end

166 end
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