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Abstract

We compute the stationary distribution of a continuous-time Markov chain which is
constructed by gluing together two finite, irreducible Markov chains by identifying a pair
of states of one chain with a pair of states of the other and keeping all transition rates
from either chain. The result expresses the stationary distribution of the glued chain in
terms of quantities of the two original chains. Special emphasis is given to the cases when
the stationary distribution of the glued chain is a multiple of the equilibria of the original

chains, and when not, for which bounds are derived.
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1 Introduction

Computing the stationary distribution of an irreducible continuous-time Markov chain on a

finite state space is easy in principle. If () is the transition rate matrix, it only requires finding
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a probability vector 7 that solves m7@Q = 0. (This is a standard result in the classical literature
on Markov chains, see e.g. Liggett!®l; Norrism.) Elementary examples include birth—death
chainsBl or a circular state spacelll. However, if the transition graph of the Markov chain is
more complicated, hardly any general result is known about the shape of the equilibrium. (A
notable exception is the Markov chain tree theorem 1! .) We are interested whether it is possible
to compute the stationary distribution from the stationary distributions of smaller parts of the
state space recursively. The motivation for this problem comes from Mélykiuti, Hespanha, and
Khammash (%! where Markov chains arising from biochemical reaction networks were studied.
In this paper, we approach the challenge of computing the stationary distribution of a Markov
chain which is obtained by gluing together two Markov chains with simpler transition graphs
at two states. (Gluing at a single state is also discussed.)

The standard model of biochemical kinetics represents the reacting system with a dynamical
system where each coordinate of the state vector is the number of molecules present of a
reacting chemical species. There is great interest in understanding how biochemical modules
behave when they are connected (see Del Vecchio’s work on retroactivity!?). Connecting two
biochemical modules is represented by merging N¥ with N¢ into an N™, where m < k 4 £ (the
shared chemical species are written only once). While we are far from addressing this question,
the thinking of this paper points broadly in a similar direction.

A question more classical than connecting biochemical modules is how currents or the total
resistance of electrical circuits change when two circuits are connected. Connecting state spaces
and studying probability flows, how it is done in this paper, have a similar flavour.

The basic idea of our approach is to use a regenerative structure of the glued Markov chain.
If 1 and 2 denote the states which were glued together from the single chains, consider excur-
sions from state 1 to 2 and back in the glued chain. Such excursions always happen within
the single chains, which have a simpler structure. By combining the probabilities of excursions
with their lengths, we are able to give the equilibrium of the glued chain in terms of the original
chains (Theorem 2.0.1). As a main tool, we use the law of large numbers for regenerative pro-
cesses (see e.g. Serfozo!?l; Smith (X%l or Roginsky 8! and references therein). Then, in Section 4,
we discuss how to apply our main result in practice. A special case arises when the equilibrium
of the combined chain is a multiple of the equilibria of the single chains, examined in detail in

Section 5. Section 6 demonstrates some of the results on two related examples.

Let us assume that two irreducible, time-homogeneous, continuous-time Markov chains
with finite state spaces, X4 = (XA);>0 and XP = (XP);>0, are given. Let X4 have r > 2
states,

VA= {—r+3,—r+4,...,0,1,2},



while XB has s > 2 states,
VB ={1,2,...,s}.

The transition rate matrices are denoted by Q4 and QP respectively. For i,j € VA, i # j, Qf}
is the transition rate of X from state i to state j, and Qﬁ =— Z#i Qf}. For i,j € V5, 5
is defined analogously.

We create a new Markov chain X = (&X})¢>0 by gluing together the two state spaces at
two states: we identify state 1 € VA with 1 € VZ (and call it state 1 in the glued chain) and
2 € V4 with 2 € VP (to be denoted by 2), and keep all transitions that were present in X
or in XP. Between states 1 and 2, transitions of both X4 and XZ are retained: the transition
rates add up. If originally both chains had a transition, say, from 1 to 2, then we can think
of the dynamics as there being a choice between two parallel edges. The glued chain X has
transition rate matrix Q € ROTs=2xX(+s=2): for 4 j € {—r +3,—r +4,...,s},

Qij = Qf1(i, < 2) + Q11,5 2 1).
The set of states of X that belonged to X4 with the exception of {1,2} is denoted by
SA=VA\{1,2} = {—r+3,—r+4,...,0}.

SB=VB\{1,2} ={3,4,...,5}

is defined similarly for X®. Hence, the state space of X can be written as the disjoint union
SAU{1,2}USE.

Our goal is to compute the stationary distribution 7 of X, i.e. 77Q = 0, from the stationary
distributions 74 and 78 of X4 and, respectively, X”. (Note that irreducibility implies that
74, 78 and 7 all exist uniquely and are all strictly positive.) However, it will turn out (see
Theorem 2.0.1 below) that more information than 74 and % is needed to compute 7. In
theory, finding a left nullvector 7 to matrix ) is a basic task. Still, we hope to learn more
about 7 and X’ by expressing 7 through X4 and X®. This approach would also give a method
to recursively compute the stationary distribution of a Markov chain on a large state space

from properties of two smaller parts, parts thereof and so on.

1.1 Gluing at one state only

In Mélykuti et al.l%]) the stationary distribution was expressed when the gluing of two state
spaces happened at one state only. Here, with the obvious adjustment of notation, the rate
matrices Q4 € R™" and QF € R**® translate into the rate matrix of the glued chain Q €
R(+s=1)x(r+s=1) 1y

Qij = Qi1(i,5 <1)+ QB 1(i,5 > 1)
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fori,j € {—r+2,—r+3,...,s}. The resulting stationary distribution is a constant multiple

of 7 on 84, and of 78 on S& as follows:

CrirP, ifie{-r+2,-r+3,...,0},
mi = CrinB, ifi=1, (1)

C’7T1A7713, ifi€{2,3,...,s},
with C' = (7' +78 —7{!7B)~L. This claim follows easily from the structure of the transition rate
matrix @), or even from the Markov chain tree theorem, but there is an appealing alternative
explanation. When the process X leaves S4 for SE during its random walk, it can only do
so via the shared state. The process cannot return at any other location but at the shared
state. When it comes back, from the perspective of S4, it is as if nothing has happened.
What happens inside SP has no effect on the relative weighting of the states in the stationary
distribution on S4. If one disregards the time intervals spent in SZ, the behaviour of X on S4
is identical to that of X“. From this vantage point, visits to the shared state can be seen as
renewal times.

Ref. 16l noted also that this result allows the recursive computation of the stationary distri-
bution in the case of transition graphs that arise by gluing together linear and circular graphs
one by one, but always at one state at a time.

Establishing the stationary distribution when gluing at two states is more difficult: when
the process leaves S4 at one shared state, it might come back via the other. As we shall see,

one requires additional information about the two original Markov chains.

1.2 Examples for gluing at two states

The forthcoming result allows the computation of the stationary distribution on any irreducible
transition graph via the gluing of linear graphs onto a growing graph. A special case of interest
is the gluing of a linear path of two states onto a graph because it is equivalent to adding
new transitions between two states in a Markov chain or increasing their transition rates if
nonzero rates were already defined. Another case of relevance is the gluing of the two ends of a
three-state linear path onto a graph because it is equivalent to adding a new state to a Markov
chain and connecting it to two pre-existing states.

Both these cases introduce a local perturbation to the Markov process. One might expect
that the stationary distribution will change considerably only in a neighbourhood. On the
other hand, equilibrium is the long-term behaviour of the process, and the effects of the local
perturbation have an infinite amount of time to propagate. It would be interesting to know

how these two aspects balance.



2 The stationary distribution of the glued Markov chain

We start by introducing the necessary notations and notions. Firstly,

qNA = ZQ{‘;’ = —Qﬁ» nB = ZQ% = —Qﬁ7
j#1 J#1

Ga =Y Qb= —Qd, @B =Y Q5 =-Q
G#2 J#2

are the total rates of leaving the glued state 1 or 2 via edges of chain X4 or X5,

We define an exzcursion to be a transition path of X (or of an original chain X4 or X'7)
from either state 1 or 2 that leaves the initial state, until the first time when 1 or 2 is entered.
A direct transition from 1 or 2 to the other is also an excursion.

The type of an excursion consists of the information, written in superscript, which chain it
is in (X, X4 or XP), and, written in subscript, where it starts from (state 1 or 2), whether it
uses transitions from Q4 or @7, and where it ends (1 or 2). For instance, by 1 g9-excursion we
mean an excursion in X’ (as there is no superscript) from state 1 to state 2 that either passes
through V4 (and hence uses Q4 as transition rate matrix) or uses the potentially existing
direct transition of Q4.

Accordingly, for X4, the probabilities of different types of excursions can be denoted by
A A A pA
pra1 = P(o1 <oy [ A5 =1),
A A A pA
prag == P(oy <oi A5 =1),
where ¢? is the first hitting time of € € {1,2} in X? (§ € {A, B}) after leaving the initial state:

5 inf {t > 0]Ju€]0,t[ X #e, X} =¢}, if Al =c¢, @
O; =

inf {t >0 ‘ X = e}, otherwise.

It follows that

A A
Pia1 tPiaz = 1. (3)

p‘24A1 and p‘24A2 are defined analogously, but conditioned on starting in 2. For X?, the corres-
ponding notations are also introduced, with superscript B in place of A.

For the analogous symbols for the glued chain X, first define o. for ¢ € {1,2}, through
adapting Definition (2) of ¢, by the return time to or the hitting time of state €. Second, let
d € {A, B} denote the event that the first transition of the glued chain is a transition within
chain X%. Then we let

pra1 = P(o1 <09, A| Xy =1),
praz == Plog <01, Al Xp =1),



that is, starting from state 1, p14; is the probability that X leaves 1 for S and returns to 1
before it enters 2, while pj 42 is the probability that X leaves 1 with a transition from Q4 and
enters 2 before it returns to 1.

It is straightforward to define the respective quantities with B in place of A. All notations
so far introduced for X can be recast with 1 and 2 interchanged.

In addition to probabilities, we also need the intensities of leaving on different excursions,
so we let

Csor = Ges Posor (6 € {A, B}, e, € {1,2}). (4)

We define random variables x (k) for a state k € S° = V°\ {1,2} by

0'6/
Xo (k) == / T xS =k)dt.
0

That is, Xg,(k) is the time spent by X7 in a state k € S® on a transition path from the initial
state until X reaches state ¢ € {1,2}. We need a notion of conditional expectation of x?, (k)

with initial state ¢ € {1,2}, which we define the following way:

E. {X“;(k‘) ‘ag/ < ag_e,] =
Ec[x% (k)1(c? < O'gfsl)]/PE(Ug/ <al ), ifP(c% <ol )#0,

0, otherwise.

(P.(+), E.[-] are the usual probability, respectively, expectation when the process is started
from e. The expectations in this paper are all finite because the state spaces are finite and

irreducible.) For compactness, we use the shorthand

Beo O ()] = B X (k) [0 < 0]

We introduce the vectors v, w € [0, 00[ "2, z,y € [0, 00[*"2 by

vi = g B ()] + giaeEaa[xs (),

wi = g3 (1)] + goar B [xi' (1)), for i € 84,

zj = qip BT ()] + apeBr2 xS (7)),

Y = a5paB22x5 ()] + ¢ B2 [xT ()], for j € 87, (5)

and note that these quantities are given purely in terms of the original Markov chains X4
and X'B.



Theorem 2.0.1 The stationary distribution 7 € R"5~2 of the glued Markov jump process X

is given by the unique solution of the following system of linear equations:

(71-—7’-"-37 T—ptdy - - 77T0)T = TV + mow, (6)
(7T3; T4y .- 77T8)T =mx + ™Y, (7)
A A
(qiaa + ai2)™ = (g5u1 + gop1)72, (8)
S
Z =1 9)
i=—r+3
Specifically,
o= q?Al + QQBBI ’ (10)
(@54, + a5 Qv+ 2w + 1) + (g1 + af52) Cwi + X wi + 1)
A 4 B
T = — - d142 q1§2 - , (11)
(@541 + a2p1) Qo vi + 2 + 1) + (qfag + aipa) Qo wi + 3y + 1)
while (7_y43,T_r44,...,m0) and (73,74, ..., ws) follow from Egs. (6) and (7).

In plain terms, the ratio of 71 /mo is dependent on the intensity of leaving state 2 towards
1 versus the intensity of transitioning in the opposite direction. The stationary probability
on k € SAUSP is dependent on the intensity of leaving on an excursion towards its half of
the state space times the expected time spent there on any such excursion, weighted by the
probability masses w1 and my of states 1 and 2.

We continue in Section 3 with the proof of this theorem. For applications of the the-
orem, Section 4 discusses how to compute v, w, z,y through qgée, and E_./ [Xg,(k)] (0 € {A, B},
e,¢/ € {1,2}, k € 8%). Section 4.4 summarises the required calculations in algorithmic form.
The special case which is most similar to gluing at one state (i.e. the case when 74,78 and
7 are constant multiples of each other) is examined in Theorem 5.1.1 and Proposition 5.1.1
of Section 5. Afterwards, for the complementary case, we give bounds for the stationary dis-
tribution in terms of the stationary distributions of the original chains in Theorem 5.2.1. The

article ends with case studies in Section 6 and concluding remarks.

3 Proof of Theorem 2.0.1

The argument we give considers the Markov chains X', X and X'? as regenerative processes,
where the renewal times are defined to be the times when X" (or X Aor XB, respectively) enters
state 1 such that it visited 2 more recently than 1.

The calculation is based on the ergodic theorem for regenerative processes (Smith[lo] or

Serfozo !9, p123): the weight in the stationary distribution assigned to any one state is propor-



tional to the time the process spends in that state in an average segment of the regenerative

process. Between any two renewal events,

1. X makes nonnegative numbers of ¢1 41- and t1p1-excursions (denoted by &141 and &151,

respectively),
2. X transitions from state 1 to state 2 via a tj49- or a t]gs-excursion,

3. X makes nonnegative numbers of t949- and topo-excursions (denoted by €242 and &a2po,

respectively),
4. X transitions from state 2 to state 1 via a t941- or a t9pgi-excursion.

Due to the finiteness of state spaces and irreducibility, the nonnegative numbers &.5. are finite
almost surely. They are drawn from, first, a geometric distribution (we mean the variant of
the geometric distribution which can take the value 0: with parameter p €]0,1], P(Y = k) =
(1 — p)*p for any nonnegative integer k), which is then partitioned into two (whether the
excursions are in 84 or in SP) with a binomial variable.

This regenerative structure is used to describe the behaviour of X in terms of the behaviour
of X4 and XB. Since if for X4 (the case of X'B is similar) renewals are defined analogously by

returns to 1, then the behaviour between any two renewal events is the following:
1. X4 makes a geometrically distributed number giqu of thl-excursions,
2. X4 transitions from state 1 to state 2 via a t’fATexcursion,
3. X4 makes a geometrically distributed number §§A2 of t?AQ—excursions,

4. X4 transitions from state 2 to state 1 via a t?Al—excursion.

3.1 Calculation for the chains X4 and X2

Let the random variable 7 be the length of one segment of X as a regenerative process (the
inter-renewal time), and define 70 analogously for X? (§ € {A, B}). Further, let X°(i) denote
the total time spent by X% in a state i € V° in a complete segment. Using the ergodic theorem

for regenerative processes for the first equality in each line, and using the second numbered



list for the second equality in each line, for i € 4,

7 = B[4 BIXAM)] = Bl (E[szﬂElﬂxf(m T Eabd (9)
T Bt ol (0)] + Ear [xf‘m]) |

rit = B[ EXA(L)] = B[4 (E[sml Loy o),

1A Q1A
3 = E[r4|'E[X4(2)] = E[r ™ <o +0+ E[&f‘AQ]in + q;) (12)

The parameter of the nonnegative geometric random variable 514,41 is
A A
Pla2 = Giaz/q14 €]0,1]
(cf. Eq. (4)). By Egs. (3) and (4), its mean is

1— A A A
Eled,] = Pia2 _ P1a1 _ %141

A A A
P1a2 Pia2 a2

and similarly,

A A
p q
Eleghs] = 202 = B2

A A
Poar Qo

Note that E[¢fy,] = piy; = 0 is possible, e.g. if the state 1 is not connected to any other
state than 2. All the other analogous mean numbers of returning excursions might be zero for
certain state space diagrams. It is also true that qgé6 might be zero, but qg’ 53¢ will always be
positive because of irreducibility.

Let us substitute the expressions for E[¢{,] and E[¢5),] into the formulae for 7, Egs. (12),

and for 7rf‘ and 7r§4 use
A A
G1a1 T 9142 = Q1A
A A
4241 T 4242 = Q2A-
Then, for i € S4,

A A1—1 Qiqu Ay A
7 = B[] (A En b (6)] + Bral )]
a1 49

A

q . .

T Baeg, A ) + Em[xfu)]) |
9541

A
= ey (G Ly L) gL
Q1A2 qi1A qi1A

A
7_‘_? _ E[’TA]_I <Q?4A2 L + 1) — E[’TA]_l 1 '
QGa1 24 Q24



It follows that

A A A Ay A A ,
mt = g Eu i ()] + it aihaBra x4 (i)
+ 13 g5 B2 X3 (1)) + 75 s Bar [x1 (9)] (13)
(i € 84). It is also true that
ﬁ _ qé4A1
L B (14)
Ub! 41 42

We assume that all elementary transition rates are known, and so are 7T;-4 for every i.
However, qf‘Al and qf‘AQ are known only to the extent that q1AA1 + qf‘AQ = q14. Similarly,
quAl + q?Az = @94 is all that is known about qé“Al and q?Az. For i € §4, we would like to know

Ay A Ag; Ag;
Euld (9] Ewlxa (1)), E21x1' (9], Ea22[x3 (¢)],
but these are not trivially accessible either. In Section 4, we revisit these questions. We write
down implicit relations for both sets of unknowns, which result in systems of linear equations
whose solutions give both sets of unknowns.

3.2 Calculation for the glued chain

We start by establishing some simple connections between transition probabilities in the glued

chain and those in the original chains. With the notations of Section 2,

p1A1:P(01 <0'2,A|X0:1):P(0'1 <O’2|A,X0:1)P(A‘X0:1)

_ p114A1 q1A _ Qiqu q1A _ qiqu (15)
Q1A+ Q1B QA QA+ QB QA+ Q1B
where the penultimate equality results from Eq. (4). Similarly,
A A
A qiA q qi1A q

Qa+@B QA qa+as  Gat+as

The equations for the glued chain X' that correspond to Eqs. (12) are, for i € 84,

;= E[r]™! 1B [x (i _ bz 12[x4 (i
= Bl (BlealBu b 0] + P2 Bl ()

+ BleasslBad (0] + — 2By @)]),

T = E[T]fl (E[&Al + &1 +0+0),

+
NA+q@B QA+ @B

1 1
szT‘1<0+0+E A2 + + )
7] (€242 §2B2]Q2A+QQB QA + q2B

10



and for i € SB,

i = Bl (EleumEnbA 0] + 22— Bl ()

+ BleanalEa ()] + — 2Ly (1P (9)). an

The parameter of the nonnegative geometric random variable £y 41 4+ £151 is

praz + pip2 = (Giag + ais0) (@14 + a1B) ™ (18)

the second form is ensured by Eq. (16). The geometric random variable is subdivided into two

by an independent binomial variable. Hence, also employing
P1a1 +piB1 +pia2 +pip2 =1

and Eqgs. (15) and (18), the sought means are
1 — (p1a2 + p1B2) P11

E[{ia1] =
| ] P1A2 +P1B2 P14l T Pi1B1
_ bra + p1B1 P1A1 _ P1A1
D142 + P1B2 P1a1 + P1B1 P142 + PiB2
_ aiyy (@a+qp)™t _ ay
(quQ + QFBQ)(QIA + qlB)*1 qf‘AQ + Q1BBQ’
and similarly,
A
D242 q
E[é242] = =242
D241 +DP2B1 Qo4 T Qo
B
P1B1 q
E[¢i1p1] = = B8
P1A2 T P1B2 Qa9 T UBo
B
D2B2 q
Elép2] = = 252

P241 + D2B1 QQ4A1 + qQBBI.

Now we substitute the expressions for E[é.s.] (¢ € {1,2}, § € {A, B}) into the formulae
for m;, Eq. (17). We also use the following consequences of Eqs. (16) and (18):

D142 B Q1AA2
= — 5
D1A2 T P1B2 Q149 + A1po
P241 . q§A1

poAl +p2B1 q§4,41 + QQB31’

B
P1B2 . 4182

D1A2 + P1B2 QfAQ +afhy’

B
P2B1 B 92B1

poal + D281 @5y + 0,

11



For i € S4,

A A
- G A1 Ay q142 Ay
= Bl (e AL Bub 0] + T Bl )]
Giaz T qlBBz Qa2 T qlBB2

QQAAQ A %4,41 A
+A_£3Emmun+faBEmumm)
9541 + 4B 9241+ 2pB1
A B
1{q +q 1 1 _ 1
m = E[7] 1( 1AA1 EBl + >_ET 1714 Ve
Qia2 T 41y 1A T 1B Q1A T Q1B G0 T 4o
A B
_1{4q +q 1 1 _ 1
= Bl (Bt e v ) =Bl
Qo471 T 4551 ©2A + 2B q24A +@2B G541 t B

and for i € SB,

B B
- 411 By: 41 g2 By:
= B (BB 0] + — B Bl )
iy + abpo Gis + atps

QQBBQ B Q2BB1 B
+ o BB (0] + BB 0.
9541 T 421 9241+ 92p1

Consequently, for i € S4,
m = main Bud ()] + mataaEia (1))
+ T2q32 B 5 ()] + maggui Ban [x1' (7)), (19)
and for i € SB,
mi = mgip B (1)) + miaipaEia g (i)

+ maaspaEaa (X5 ()] + maass Ea [xT (i)). (20)

It also follows that ) 5
™ _ Bm t Bpr
T2 diug +dabp

3.3 Combining the preceding

With the vectors v, w € [0,00[ "2, z,y € [0, 00[* 2 introduced in Section 2, using Eq. (13) for
the first two equalities and Egs. (19) and (20) for the third and fourth,

(ﬂ'ér+3, 7Té,r+4, . ,776‘)T = 7r1Av + 7T§4w for x4, (22)
(w2, 78, .. 7B = aBx 4 aBy for X5,

(T b3y Ty e - s 7T(])T = Tv + Tow and (23)

(7Tg,7T4,...,7rs)T =M+ my for X. (24)

12



This already shows Egs. (6) and (7) of the theorem. Eq. (8) is a consequence of Eq. (21), while
Eq. (9) must anyway be true.

Let us now show the last two statements of the theorem. The following derivation arrives at
an explicit solution, thereby showing the uniqueness of 7. By summing all entries of Egs. (23)
and (24), we get

771(2”@"|‘Z$i> +7T2<Zwi+zyi> = Z m = 1—m — T,
i i i i i#1,2

which is equivalent to

w1<;vi+;xi+1> +ﬂ2<;wi+;yi+1> -

The substitution of 7o from Eq. (21) yields

™ <Zvi+2x1+1+ Q1A2+q132<2wz+2yz+1>)
7 7

q2A1 + qul p

which gives m of Theorem 2.0.1. Eq. (21) gives mo. This concludes the proof.

4 Computing ¢’;., and E../[x2 (k)]

The formulae in Theorem 2.0.1 use unknown parameters ¢°s., and E./[x% (k)] (6 € {4, B},
e,e’ € {1,2}, k € 8%) about the chains X4 and X7 to express 7. However, these unknowns can
be computed by linear recursions. We demonstrate the calculation for § = B and not for A, as
in X4, the indexing is unconventional.

As it turns out, the matrix

Qi 0 Qf ... Qf

0 Q% Q% ... Q3

QB.=| 0 0 Q% ... QF
| 00 B o..QF

plays a central role. We will show in Section 4.3:

Proposition 4.0.1 Qég has full rank.

13



4.1 The probabilities of leaving on different excursions and ¢’

In order to establish the values qgée,, we calculate the corresponding pg&,, and the conversion
follows from Eq. (4). We extend the usage of prE/ to any starting point i € {3,4,...,s}: for
the hitting time oZ of the state ¢’ € {1,2},

p%‘f/ = P(Ug < UfﬂB—a’ | XOB = ).

Proposition 4.1.1 pEBBg, (e, € {1,2}) can be computed as the unique solutions of the

following linear equations:

B B B
Pip 0 PiBo —Q1,
B B B
Pop —Qq Popo 0
B B B B
QP | psm [ =] —@Q31 |, QF | psp | =] —Q% |. (25)
B B B B
DPsp1 —Qg Pspo —Qg

In practice, it suffices to solve only one of the two linear equations and use an analogue of

Eq. (3).

Proof We introduce notation for probabilities of direct transitions:

B
pg:: _éjB (i,j€{1727"'78}7i7éj)
i
(cf. Eq. (4)). Then the following relations hold:
B B . B
PerBer = Z PerjPjBets (26)
j¢{5/73_5/}
B B B B
p3—5’,B,6’ = Z p3—s’,jija’ + p3—5’,€’7 (27)
j¢{8/737€/}
prE/ = Z pg-prs/ +pg/ (i €4{3,4,...,s}). (28)
j¢{e' 3—¢ i}

For instance, Eq. (27) is equivalent to

B _ QSst’,j B Q?j?fe’,s’
P3¢/ Be = Z 08 .. . PjBer T 08 .
jé{e’ 3—¢'} 3—¢e’,3—¢’ 3—¢’,3—¢’
After multiplying both sides by —QgB_E, 3_o and moving both individual terms to the other
side,
B B B
_QS—E’,a’ = Z Q3—s’,jijs"
j#e
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This gives, for ¢’ € {1, 2},

B B B B1 /., B B B B \T
—Qy = [0 Q3 Qo3 - .. QQs] (p1B17p231ap3B17 e 717331) )

B B B B1 /., B B B B \T
—Q1y = [Qn 0Q13 --- le] (P1327p2327p3327 e 717332) .

The same steps of manipulation on Eq. (26) yield

B B B1 /., B B B B \T
0=1[Q7 0Q13 ... Q) (PTB1,P2B1>P3B1s -+ PsB1) >
B B B1 (., B B B B \T

0= [0 Q3 Qo3 - .. QQS] (p1327p2B27p3B27 e ,PsBz) ,

and when carried out on Eq. (28), then

B B By1(,B  .B B B \T
—Qi1=1[00Q3 ... Q] (P1B1:P2B1:P3B1: -+ -+ PsB1)
B B B1(,B .B B B \T
—Qi=1[00Q3 ... Qi) (PTB2:P2B2:P3B2s -+ -+ PsB2)
for i € {3,4,...,s}. The last three displays are exactly as the two claimed linear equations in

the assertion. The existence of a solution follows from the underlying probabilistic interpreta-
tion (i.e. the probabilities (p%s,)ie{1,27__.75} for ¢/ € {1,2} are particular solutions). Uniqueness
also holds since Qgg does not have a nontrivial nullvector, as proven in Proposition 4.0.1. [

4.2 The expected total time spent in individual states on excursions, E_..[\x’ (k)]

Again, the computation of E,./ [Xg,(k)] requires the usage of the matrix QF. First, we need to

extend its meaning to a general starting point 7 € {3,4,...,s}:
Bio (0] = B (B (k) | off < o],
which is again defined to be zero when the condition has zero probability.

Proposition 4.2.1 E../[x5(j)] (e,¢ € {1,2}, j € {3,4,...,s}) can be computed from the

unique solutions u(j) € [0, 00[® of the following linear equations:

QEU(J) = _ijBs’ ef (5/ €{1,2}), (29)

where eJB € R? is the canonical jth unit vector. If u;(j) = 0, then E;r[x5(5)] = 0. If u;(j) > 0,
then

. ui(J
Eier [XsB’ ()] = B ) .
DiBer

15



Proof Fix j € {3,4,...,s}. We will see that we can write down linear relationships among

ui(j) = Bl (7)1(0F < 05 )] = piporBio X2 (5)]

(i € {1,2,...,s}) most naturally. We note that if p5,_, = 0, then E;-[x5(j)] = 0 by the
definition of the latter as a conditional expectation that is zero when the condition has zero
probability.

We can observe the following relationships:

EoEGel <of )= > pBELEG)0l <o), (30)
k¢{e',3—¢'}

Es oXE(G)Led <o)l = D pionEBelxE()1(ef <03l (31)
k¢{e',3—¢'}

ENXEG6l <o)l = Y pEENEGDLE <o) (i¢{1,2,5}), (32)
k¢{e',3—¢' i}

BOEGE <of ) =phhe —5p+ Y PABLEGLCE <ol L 69
JJ k¢{e’,3—¢',j}
A slight complication compared to Eqgs. (26-28) is the possibility of there being no transition
path from the initial state j to & that avoids 3 — ¢’. Time spent in j is only accrued on
such transition paths. This is the reason why in Eq. (33), the mean waiting time —1/ ij is
multiplied by prg,. In case of nonexistence of the required path or excursion, both sides of
this equation are zero.

Manipulations analogous to those applied to Eqgs. (26-28) give

> QELENE (el < a5 )],

k#3—¢’

0="> QF .1 ExbE ()1l <o L)),
k#e!

— B B . .

0= Z Q Ek[XE ( ) (05’ < 03—6’)] (Z ¢ {1727]})7

k¢{e',3—¢'}
*ijBs/ = Z Qﬁg Ek: [Xg (.7)1(0-5 < O-Sst’)]a

k¢{e’ 3—¢'}

which is the same as the asserted linear system. Once again, the existence of a solution fol-
lows from the underlying probabilistic interpretation and uniqueness from Proposition 4.0.1.
The case u;(j) = 0, when p5,_, = 0 or Eio[x5(j)] = 0, has been discussed. If u;(j) =
pE_Ei[x5(j)] > 0, then one can divide it by the nonzero p5,_, to get Eir[x5(4)]. O
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4.3

Proof of Proposition 4.0.1

So far we have been careful not to argue the existence of solutions of the equations in Pro-

positions 4.1.1 and 4.2.1 from QOB having full rank, instead we referred to the probabilistic

interpretations. It is because the latter existence result is used to prove full rank itself. Indeed,

since pra, and prﬁ_g, (j € {3,4,...,s}) cannot be both zero due to the irreducibility of X5,

Proposition 4.2.1 shows that for every j € {3,4,...,s}, eJB is in the image of QOB. Moreover,

from the definition of Q(])S, eP and el are its eigenvectors with nonzero eigenvalues. Hence all

canonical unit vectors are contained in the image of QOB.

4.4

Applying Theorem 2.0.1

Given the specification of X4 and X' B, the stationary distribution 7 of X can be computed by

the following procedure.

1.

Solve one of the two equations in (25). From the solution (pP5_,,pP5_, ..., p5;.)7T (either
¢/ =1 or & = 2), compute for every j € {1,2,...,s}, pr,?)fa/ =1 —prE,.

Repeat the previous step with the corresponding equation for X4, and for ' € {1,2},

A A A \T
get (p—r+3,A,a’7p—r+4,A,a’7 T 7p2A5’) - Here

A A
er+3,fr+3 t Q7T+3,0 0 0
a . . . . .
Q=1 Qs .- Q 0 0
A A A
Ql,—r+3 cee 10 Qll 0
A A A
Q2,*r+3 T Q2O 0 22

must be used and the right-hand sides also change accordingly.

Solve Eq. (29) for both &’ € {1,2} and for every j € {3,4,...,s}. Compute E.or[x5(j)]
(e,e' € {1,2}, j € {3,4,...,5}).

Repeat the previous step with the corresponding equations for X4 for every ¢’ € {1,2}
and every i € {—r+3,—r+4,...,0}.

For every § € {A, B} and ¢,&’ € {1,2}, compute ¢’_, using Eq. (4).
Compute v, w € [0,00[" 2, 2,y € [0,00[*~2 by their definitions (5).
Compute 7 by Eq. (10) and m2 by Eq. (11).

Compute the remaining coordinates of m by Eqgs. (6) and (7).

17



Ultimately, finding the stationary distribution m can be done by solving 2r — 3 linear
equations of size r x r and 2s — 3 of size s x s (one system in Eq. (25) once for X4 and AP each
and Eq. (29) 2(r—2) times for X4 and 2(s—2) times for X?). Importantly, as the left-hand-side
matrices are shared, the 2r — 3 linear systems with Q()“ can be computed in parallel (putting the
right-hand-side vectors into one matrix), and similarly with the 2s — 3 linear systems with Qg .
This contrasts with directly solving the (r+s—2) x (r+s—2)-sized 7' Q = 0 equation. The new
method does not offer an improvement in theoretical computational complexity (calculations
omitted).

5 Parallelism

This section is concerned with the questions when can the stationary distribution 7w be expected
to be a constant multiple of 74 on V4 or of 7% on VB (i.e. when are the corresponding vectors
parallel; Theorem 5.1.1 and Proposition 5.1.1), whether one can occur without the other (no,
as proven by Proposition 5.1.1), and what can be said when neither of the two holds (at least

bounds for m can be given, Theorem 5.2.1).

5.1 The parallel case

Consider the following three conditions:

A B

(A) T
3wy

A

1 71-1

By ==

By T
i

Under Condition (\A), the stationary distribution 7 of the glued chain can be computed exactly.

This case is most similar to gluing at one state.

Theorem 5.1.1 If Condition (A) holds, then

CwlAwlB, if i € 84,

CriinB, ifi=1,
T, =

OmyinP = Crflnl, ifi=2,

Crir?, if i € SP,

18



with
A B A(_B By~ ! A B B( A Ay L
C:(Trl +7T1—7T1(771 +7T2)) :(77'1 +7Tl—7r1(7'&'1 +7T2)) .
In particular, the explicit solution shows that Condition (A) implies Conditions (84) and (B%).
Proof Three statements need to be verified: the entries of m are nonnegative, they sum to one
and 77Q = 0.

To the first, because of irreducibility all entries of 74 and 78 are positive. All is needed is

that C' > 0. Since 77 sums to one,

47l -t mB 4 7By >l 4 2B 7l > 0.

As to the second statement,

1 S 2 S
LS mm Y e wan
i=—r+3 i=—r+3 i=3
S
= 17rlB + 7714 Z ﬂ'F
=3
:ﬁlB—f-?Tf(l —7713 —71'23)

=i +ni — i (7l +77)
is exactly 1/C, proving that the entries of 7 sum to one.

The validity of the last statement can be most easily seen by considering how the transition
rate matrix Q arises from Q* and Q® almost as a block diagonal matrix if not for a 2x 2 overlap
where the entries are summed. In the following, we rely on (74)TQ4 = 0 and (7%)TQ? = 0.
The result of the multiplication (71Q); for i € {—r +3,—r +4,...,0} can be seen to be zero

from
(€7 Q)i = n (=)' Q)i = nf0=0.

The case of i € {3,4,...,s} is entirely similar. For ¢ = 1, using Condition (\A) in the form

7Brgt = 778 in the second step,

(C7'7tQu =) wPmiQp + i (Qf + Q1)
kesA
B_A/nHA B A_BAB
+ Ty (@31 + Q1) + Z T T Qi
keSB
B AHA A BB
=m Z T Qi1 + 71 Z T Q1
keyA keyB
=7rP0+ 70 =0.
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The last remaining case, i = 2, once again uses the identity 7{ 71'54 = 7rf17r23 in the second step

to show

(CT'r Q2= Y wlmQi + ' m Q1 + Q1)
kesA
B_A/nHA B A_BAB
+ Ty (@ + Qo) + Z T T, Qpa
keSB
AHA A
=77 Z T Qi + 71 Z ™ Qfs
kepyA keVvB
=7rPo+ 7o =0. O

Proposition 5.1.1 Conditions (A), (B4) and (B?) are all equivalent.

The interesting observation is that Condition (B4) alone implies Condition (B%) (and vice
versa). It is obvious that Conditions (B4) and (B?) together imply Condition (A). Combined
with Theorem 5.1.1, we will get the statement.

Proof From Egs. (14) and (21), Conditions (B4) and (B?) are equivalent to

A B A
(BA) a1 T 421 _ Ba1
A B A >
Qa2 t A2 Qa2
A B B
(BB) Qa1+ 4op1 _ 92B1

A B B
a2 T 42 UiB2

For brevity, we introduce the notations

A ._ B
a = 4qg541, C:=4dsp1,

A B
b= qiaz d = qipa-

Due to the irreducibility of the Markov chains, a,b,c,d are all positive and the following

equivalences hold:

(B4 — Zi; :% — be = ad
at+c c
= " d — (BB) O
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5.2 The non-parallel case

If Condition (.A) does not hold, then our problem formulation can be turned around: assuming

that 74,78 and 7 are all known, v, w,z,y can be computed by a second method and an

elementwise bound for 7 on 84 and S? in terms of 7 on states 1 and 2 will also result.

Although so far we have been trying to reduce finding 7 to the smaller problems of finding 74

and 78, one should not forget that 7 is always available by a Gaussian elimination from the

specification of X.

Theorem 5.2.1 If Condition (A) fails, then for i € S4,

and for j € SP,

Additionally,

and

T — momi

A A’
7Ti47'('i — 7T17TZA
A A2

B B

. U ﬂ'j — 7r27rj
~ B B
7TlB7Tj —7T17T]~B

T To
A A (0 34
ey y (34)
T T
T 35
o ' (36)
7Té4’7T2B

Of the two inequalities in (34), one must be strict, since Condition (B4) fails by assumption

and the terms at the two ends are not equal. They are both strict inequalities if and only if both
v;, w; are positive. Note that when Condition (A) does hold, then due to Theorem 5.1.1, the
two inequalities in (34) are both equalities and m; /7! = 71 /7! = mo/74 = OwP. Analogously

for (35). Lastly, because of Proposition 5.1.1, the relation (36) also holds with equalities.
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Proof Let us subtract from the ith entry of both sides of Eq. (6) 72/74' times the ith entry
of both sides of Eq. (22):

T2 A ™ A
T — 77'% = <7Tl — 71_77'('1 )’UZ'.
2

Since Condition (A) does not hold, nor does Condition (B84), and we can divide over to arrive

at

-1 A A
B T 4 T 4 | Wym; — Mo
Vi =\ T — 3™ )|\ "1 T = A A
5 5 Ty T — W™

If we now subtract from the ith entry of both sides of Eq. (6) m/7{' times the ith entry of
both sides of Eq. (22), then

™ A T A
T — 77Ti = <7T2 — 71_777'2 >7.Uz
1

Condition (B4) does not hold, and we can divide both sides to get

-1 A A

wie (= LA\ (o ™A W — T
i =\ T — — T 2 — —1 T =g —x-
771A ’ oh 7714772—7rl7rA

From the definitions of v and w in Egs. (5), it is clear that at least one of v; and w; is

positive. Consequently,

(w3t — momit) (mytmy — momit) >0,
(ri'mi — mm) (mimy — mmy') > 0,

and at least one inequality is strict. (If v; > 0, then the first inequality is strict; if w; >

0, then the second one is strict.) Here the second factors, formerly the denominators, are

negatives of one another, and are nonzero because of the failure of Condition (B84), therefore

the enumerators too must have opposite signs (or at most one of them is zero),

(7T§47Ti — 71’27['{4)(71'1471'1‘ — 7r17TZ‘-4) < 0.

After dividing both sides by the positive (7/*)2mitms},

2

T o T ™
— | |—=——=] =0 37
<7r-A 71'5‘) <7r-A ﬂ'f) (37)

(2 7

Condition (B4) does not hold, therefore either 71 /7 > w3 /74 or m /7 < /74, Ineq. (37)

gives the bounds (34) for m; /7! in either case, even when one factor is zero.
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If v; > 0, then 71'@-/77;-4 % 71'2/7ré4 in (34), and if w; > 0, then 7TZ‘/7TZA #* 7r1/7rf‘. If both v;, w;
are positive, then all inequalities in this derivation are strict. Hence both inequalities in (34)
are strict. The argument also works in the reverse direction, to show v;, w; are both positive
from strict inequalities in (34). The statements for x, y and the bounds (35) follow similarly.

Finally, let us suppose that the bounds (36) do not hold and we derive a contradiction.
The starting assumption is that Condition (A) fails, and so do (B4) and (B?), and 7{! /74,
78 /7B and 71 /m9 have three distinct values. The bounds (36) will be violated if and only if
71 /7o is either greater or less than the other two fractions. Here we examine the case when it

is greater (the other case is similar).

From max{m{!/74', 78 /m8} < m1 /72,
o T 2 ™
— < — and —& < —5. 38
R e .
From this by (34) and (35), for i € S# and for j € SP,
o e m T
i < —2 and —]23 < —79.
T UF UL ;
One more algebraic rearrangement yields
A B
T oamd LT (39)

Note that the first holds with strict inequality for ¢ = 1 and the second for j = 1 too, due to the
indirect assumption (38). The contradiction will arise because such a 7 cannot be a nullvector
of Q. To show this, we multiply both sides of the left inequalities by the nonnegative Qé and
sum for all i € Y4\ {2}, we multiply both sides of the right inequalities by the nonnegative Qg
and sum for all j € VB \ {2}:

1 1
D DI — > mQh
T2 jeva\(2) T2 ieva (2}
i BB < i NB
B T Qj2 < > mQp
Ty . % T2 . =
jevE\{2} jevE\{2}

We add Q‘242 to both sides of the first inequality and Q232 to both sides of the second to get

Z WAQ S —_ Z W1Q127 (40)
2 iepA ZEVA
1 B
< — 1057
Ly s Ly o a
2 jeyB jeVB
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The left-hand sides of (40) and (41) are zero since (7)TQ4 = 0, (#%)TQB = 0. The sum
of the two right-hand sides of (40) and (41) is 75, '(77Q)2. 7TQ = 0 must hold, therefore a
contradiction will arise and the proof will be complete if we show that the inequality in (40)
is strict.

If Q7, > 0, then from the first inequality of (39) with i = 1 (which is strict for this ),

A

1 ~AA T HA
— Q12 < —Q1a,
7T2 T2

and (40) holds with strict inequality.

If Q7, = 0, then state 2 must still be reachable from state 1 in X, therefore there must
be a directed path from 1 to 2 whose last step is from some k € S4 to 2. Then v > 0 by the
definition of v and QfQ > 0. From the earlier result of this proof on the explicit form of vy, the

first inequality in (39) cannot be an equality for i = k,

T
ez,
T o
and
! 0h < Tk o
T 51 k2 . k2
gives (40) with strict inequality. O
X X
1 1 2 4
yo o =0
0- ! 1 311 1
\2
2] ) J
2 2 4 3
Figure 1: State spaces and transitions of X and X2 of the first example.
6 Examples

We present two related case studies (Figures 1 and 2) for the application of the results of this
paper. We implemented the numerical algorithm of Section 4.4 in GNU OCTAVE with code
that is compatible with MATLAB (The MathWorks, Inc.).

24



0120—1 1
£
0 1 312
\2

L

Figure 2: State spaces and transitions of X4 and X'B of the second example.

First, consider the Markov processes given by the transition rate matrices

3 1 0
-6 4 2 3 3 0
A B -
= —9 7 =
@ @ 0 4 -4 0
2 0 -2

These processes are visualised in Figure 1. States 3,4 € SP can be reached only on thQ—
excursions but not on a t25,-excursion. Here 74 = (0.2,0.4,0.4)T and 7 = (2/9,2/9,1/9,4/9)T.
One can notice that Condition (A) holds:

T 04 2/9  «f

= 1 = .
T 0.4 2/9 b

Thus Theorem 5.1.1 holds and the stationary distribution 7 = (0.1,0.2,0.2,0.1,0.4)T (com-
puted either from 7T@Q = 0 or with the explicit solution in Theorem 5.1.1 or by the numerical

algorithm) is indeed parallel to 74 on V4 and to 7% on VB. See also Figure 3.

X
) 02 2 04
3 |
0.1 2 1
IS
02 4 01

Figure 3: State space and transitions of the glued chain X, which are identical in the two
examples. State labels were omitted as they differ in the two cases and were replaced by the

values of the stationary distribution.
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The second example is defined by

—4 0 0 0 4
1 -1 0 0 0 5 o
Qt=1 o -6 2 |, Qle_ ]
3 -3
0 2 1 -3 0
0 2 0 -2

and is displayed in Figure 2. In this case 74 = (1/12,1/3,1/8,1/6,7/24)T and 7% = (0.6,0.4)T.
Condition (A) does not hold. However, the glued chain has the same state space diagram as
in the first example, although the state labels are permuted. Both the direct calculation and
the new algorithm give = = (0.1,0.4,0.1,0.2,0.2)T. (It also follows from the result for the first
example.)

Ineq. (34) has my /74 = 48/70 ~ 0.69 and 71 /7{* = 12/10 on its left and right ends, re-
spectively. (m/wf)ie{_l_l’()} = (1.2,1.2,0.8)" are sandwiched by those values, as predicted.
In addition, the numerical algorithm finds that v(—2),v(—1),v(0) and w(0) are positive,
w(—2) = w(—1) = 0. Hence the pattern of strict inequalities satisfies the observations made in
the proof of Theorem 5.2.1. Ineq. (35) is absent because SP is empty. Lastly, Ineq. (36) holds

in the form

M4 _m_ "3
7r§4 7 m 7723 2

7 Conclusion

This work describes the stationary distribution 7 in a finite-state, time-homogeneous, continuous-
time Markov jump process that was created by gluing together two irreducible Markov pro-
cesses at two states. When the two original processes share the ratio between the stationary
probabilities of their two to-be-glued states (Condition (.A)), then the stationary distribution 7
can be explicitly given (Theorem 5.1.1). It is a constant multiple of the original stationary dis-

tribution 74

on the part of the state space that came from this first process, and a constant
multiple of 78 on the part of the state space that came from the second process.

When Condition (A) does not hold, then 7 is known in terms of transition rates in the
original chains and additional information about mean times spent in states on excursions from
the two glued states and about probabilities of different excursions when leaving the two glued
states (Theorem 2.0.1). Ultimately, the knowledge of the original stationary distributions does
not suffice to compute .

Also in this case, the ratio between the stationary probabilities of the two glued states in
the glued chain is sandwiched between those ratios of the corresponding states in X and of

those in XB. Other sandwiching bounds are also proven for states in S4 U SB.
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If gluing is applied to grow a large X4 by an X with a linear state diagram, although
the required excursion probabilities etc. might well be computable by hand for X2, the same
quantities for X4 are still only available by solving linear equations, as summarised in Sec-
tion 4.4. There is no escaping the lengthy calculations for the complicated chain, even when
this chain is perturbed by a simple chain.

The regeneration argument exposed in this paper should be applicable when, say, XZ is
not irreducible only because there is no opportunity for tQBBl—excursions (meaning that there
are two separate communicating classes in the state space, one containing 1 € V& and the
other 2 € VB, and the communicating class of 2 is an absorbing set), but the gluing introduces
such a state-2-to-state-1 transition via V4.

The gluing studied here is a binary operation on the set of Markov chains. A possible line of
future research might consider other operations with Markov chains: gluing at multiple states,
removing parts of the state space, taking a product of state spaces, or combining product
and merging, as was alluded to in Section 1. If we stay with gluing at two states, it would
be interesting to know how other properties of a Markov chain, such as the mixing time, are

affected if another chain is glued to it.
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